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Abstract. Using knot theory, we construct a linear representation of the CGW 
algebra of type Z3„. This representation has degree n? — n, the number of pos- 
itive roots of a root system of type We show that the representation is 
generically irreducible, but that when the parameters of the algebra are related 
in a certain way, it becomes reducible. As a representation of the Artin group 
of type Dn, this representation is equivalent to the faithful linear representa- 
tion of Cohen- Wales. We give a reducibility criterion for this representation as 
well as a conjecture on the semisimplicity of the CGW algebra of t5rpe D„. Our 
proof is computer-assisted using Mathematica. 



1 Introduction 



1.1 Definitions and history 

In 2002, Cohen and Wales showed the linearity of all the Artin groups of finite 
type [4J. The same result was shown independently by Digne in [81. Linearity 
of a group means that there exists a faithful linear representation of this group. 
In other words, the group can be identified with a subgroup of GLk [F) for 
some integer k and some field F. If M — {mij)i<:ij<:„i is a Coxeter matrix of 
size m, the Artin group of type M is by definition the group with generators 
si, S2, ■ • • , Sm and relations 



■niij terms rriij terms 



The Artin group of type A„_i is the braid group i3„ on n strands. In the past, 
several authors had tried to use the {n — 1) -dimensional Burau representation 
to show the linearity of B„ - However, if this representation is faithful for n = 3, 
it was shown to be unfaithful for n > 5 (see [27J, [25], [IJ). It is still unknown 
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whether the Burau representation of B4 is faithful or not. Currently, the only 
known faithful linear representation of the braid group i3„ for ri > 4 is the 
"^"2" -dimensional Lawrence-Krammer representation. This representation 
originated in the work of Ruth Lawrence in ||T9l and was later recovered by 
Daan Krammer in |18|. Hence it is called the Lawrence-Krammer representa- 
tion. The Lawrence-Krammer space is a vector space spanned by vectors in- 
dexed by the "^"^"^^ positive roots of a root system of t5^e A„_i. The beautiful 
result of linearity of the braid group using the Lawrence-Krammer representa- 
tion is due to Bigelow [2J and independently Krammer |18|. Soon after, Cohen 
and Wales wanted to show that all the Artin groups of finite types are linear 
groups. As part of their work in [4J, they generalized the Lawrence-Krammer 
representation to types D and E. They then generalized Krammer 's algebraic 
arguments to show the faithfulness of these newly found representations. We 
will call these representations the Cohen-Wales representations of respective 
types D and E. Cohen, Gijsbers and Wales shortly after in [5 1 build even more 
inequivalent representations of the Artrn groups of types D and E. Except for 
the Cohen- Wales representation, it is still unknown whether these representa- 
tions are faithful or not. These parameter-based representations that include 
the Cohen-Wales representation all factor through the Cohen-Gijsbers-Wales 
algebra (abbreviated CGW algebra), an algebra that contains the Artin group. 
Working with generic parameters, Cohen, Gijsbers and Wales show that these 
are all the irreducible representations of a certain quotient of ideals of the CGW 
algebra. In particular their work shows that the Cohen-Wales representation 
is irreducible for generic parameters. The goal of the present paper is to show 
that the Cohen-Wales representation of type £>„ becomes reducible when its 
two parameters are related in a certain way. To do so, we use a knot theo- 
retic approach to build a representation of the CGW algebra of type As a 
representation of the Artin group of type Z)„, our representation is equivalent 
to the Cohen-Wales representation. The fact that the two representations are 
equivalent is a non trivial fact that follows from the results in |5|. We use our 
representation to give a reducibility criterion for the Cohen- Wales representa- 
tion of type Dn- Our work can be viewed as a generalization of [21 J, where a 
reducibility criterion is given for the Lawrence-Krammer representation of the 
braid group. 



1.2 Notations and main results 

The main result of this paper is the following. 

Main Theorem. Let n be an integer with n > 4. Let t and r be two non-zero complex 
numbers. 



Assume that 



^2k _^ Yjor every integer k with 1 < k < n 



^ — 1/or every integer k with 1 < fc < n — 1 
Then the faithful Cohen-Wales representation of the Artin group of type £>„ based 
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on the parameters t and r is irreducible except when 



i e {r 



An— 4 



.2n-2 




when it is reducible. 

The restrictions on the parameter r are natural ones and we will explain them 
later on. They have a crucial role to play in the paper. 

We now introduce a few notations that relate to root systems of type D^- In 
what follows, n is an integer with n > 4. The vector space of the Cohen- 
Wales representation of type Dn is spanned by vectors indexed by the — n 
positive roots of a root system of type We will number the nodes of the 
D5mkin diagram of t5^e Z)„ as follows. We shall write i ^ jit nodes i and j are 
adjacent on the diagram. We denote by ri, . . . , r„ the simple reflections. 



If ai , . . . , a„ denote the simple roots, then the positive roots are 

• The n simple roots ai, a-i, a^, . . ., an- 

• The ("2 ^) positive roots ai + . . .Uj with 2 < i < j < n, of a root system 
of tjq^e A„_i on nodes 2, . . . , n. 

• The (n — 2) roots ai + as + • • • + tti with i > 3 

The (n — 2) roots ai + 02 + as H + ai with i > 3. 

• The ("2^) roots ai + a2+2az-\ |-2aj+aj+iH \-aj with 3 < i < n—1 

and i + l < j <n. 

The spanning vectors of the Cohen- Wales space of type £>„ will be denoted in 
the same order by w^, wi2, W23, . . . , Wri-i,n for the simple roots and by w^-i j, 
wij,, w^i, w^j for the other positive roots. The significance of the indices will 
be explained in detail later. For now, notice that a spanning vector carries a hat 
if and only if 1 is in the support of the positive root, that is the coefficient of ai 
in the positive root is nonzero. 

Let 51, 92, 53, • • • , be the generators of the Artin group A{Dn) of type Dn- 
As read on the Dynkin diagram, the defining relations are as follows. 

{The gi's with 2 < i <n satisfy the braid relations 
9i 93 9i = 93 9i 93 
91 9k = 9k 91 when k^3 

The CGW algebra CQW^Dn) of t5^e Dn is an algebra with two parameters 
I and TO that contains A{D„), and contains other elements ei, 62, 63, ... , e„. 
These elements are related to the generators g/s by 



n 



n-1 




mei = l{g1+mgi - 1) 
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The other defining relations of the algebra are as follows. 



[DL) 



gi di = j for all i 

Gig j Si = I ei when i ^ j 



Some selected immediate consequences of these definitions are the following 
(see 0). 

Cigi = J Ci for all i 

gi-g~^ = m(ei-l) foralH 

aejCi = Ci when I ~ j 

gjgiCj = eigjgi = CiCj when i ~ j 

ejCigj = ejg^^ — ejgi + m {ej — CjCi) when i ~ j 

gjCitj = gl^ej = giCj + m{ej - eiCj) wheni~j 

= 5ei with (5 = 1 



/-I 



Informations that relate to rank or cellularity can be found in KT)- The CGW 
algebra of type Z3„ is a generalization of the BMW algebra to type The 
BMW algebra is named after Birman, Murakami and Wenzl. It was introduced 
by Birman and Wenzl in |3| and independently by Murakami in [29|. It has 
the same defining relations as above except they must be read on a Dynkin 
diagram of type An-i- The BMW algebra is in connection with a polynomial 
link invariant, namely the Kauffman polynomial. An important feature of the 
Kauffman polymomial is that it can distinguish oriented links that the other 
polymomials can't distinguish. Birman and Wenzl wanted to build an algebra 
equipped with a trace so that the Kauffman polymomial [17J is after appropri- 
ate renormalization that trace, in the same way the 2-variable generalization 
of the Jones polynomial fl^, namely the HOMFLY polynomial [lOJ was after 
renormalization the trace on the Hecke algebra of the symmetric group. If we 
define the Hecke algebra T-L{Dn) as the algebra with generators gi, . . . , g„ that 
satisfy the Artin relations {A) above and the relations g^ + mgi = 1 for all i, 
we note that a quotient of the CGW algebra is the Hecke algebra. This quo- 
tient of CQW{Dn) will play a critical role when studying the reducibility of the 
representation of CQW{Dn) that we build. We next give the expression of this 
representation. Its construction will be explained in detail in §2.2. We intro- 
duce a new indeterminate r that is related to m by the relation m — - — r. 
When later specialized to non-zero complex numbers, r and — - will hence be 
the two complex roots of the polynomial X^ + mX—1. We choose Q(/, r) as our 
base field. As + rn r = 1, the field Q(/, r) is then a left -module for the 

action given by 5, .! = r. We will denote by Vn the Cohen- Wales space of type 
Dn- The space Vn is the vector space spanned over Q(/, r) by the vectors Wij's 
and Wij's with 1 < i < j < n. It will be convenient to introduce the following 
notation: by Wst for some integers s and t with 1 < s < t < n, we mean that 
Wst is either Wst or vo^f For more clarity in the writing, we also sometimes add 
a coma between the two indices s and t. 
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Theorem 1. The following map v^^^ 



defines a representation of the CGW algebra of type _D„ in the Cohen-Wales space of 
type Dn- The actions are given as follows. First, the action by gi is special and needs 
to be formulated apart. 



mr-' 




- '^ia) 




-4/- 


- W2s) 


















- W12) 









V3 < i < j < n, v^iwif) = x (1) 

> 3, V-yi^j) = W2j (2) 

> 3, vx(w^j) — wij + mr^~^ wi2 — mw2j (3) 

> 3, i^i(w2j) = uhj + mr^^^ — mw2j (4) 

> 3, i^i(wij) = , , , (5) 

i^iimi) = yWii (6) 

Jw all the other cases, vi (w^) ~ r (7) 
Second, the action by g2, gz, ■ ■ ■ , g-a is determined by the following expressions. 

\/t>i + 2, iyi+i{w~i) = w~+hi (8) 

i^j+iiWj) = WJ+i (9) 

^-^+1(5?^^) = rw^iTi (10) 

iyi+l{wi^i+l) = y«^i,i+l (11) 

i^iim}) = ■SCm + y J'*"*"^ ■fi'i-i,* - TOw^ (12) 

Vs < j - 2, Vj{w^j) = w'sj-i + i^j^s~2 ^i-iJ -m-wTj (13) 

J^j(wi,t) = Wi_i,t + mr*"*~^ - mwi^t (14) 

771 

V.s<j-2, Vj(ws,j) = + ■ - - rrLWs,j (15) 

In all the other cases, V}^{W^) — rW^ (16) 

As a representation of the Artin group, up to the change of parameters I = r^t~^ and 
up to some rescaling of the generators, this representation is equivalent to the Cohen- 
Wales representation with parameters t and r that was built and used in 14] to show 
the linearity of the Artin group of type £>„. 
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In what follows, H F,r^ (n) denotes the Iwahori Hecke algebra of the symmetric 
group Sym{n) with parameter over the field Q(Z, r) as defined in [26|. The 
following theorem gives a reducibility criterion for the above representation 
under some assumption of semisimplicity for the Hecke algebras T-Lp ^2 (n) and 

Theorem 2. Let n be an integer with n > 4. Let I, m and r be three non-zero complex 
numbers with m — - ~ r. 

r 

(i) Assume that the Hecke algebras 'H{Dn) and 'Hp,.2(n) are semisimple. So assume 
that r^'^ ^ Ifor every integer k with 1 < k < n and r^'' ^ —Ifor every integer k 
with 1 <k <n — 1. Then, v'-^^ is irreducible except when 

, f 1 1 1 3 1 3 

/ P < r — — r 

when it is reducible. 

(ii) For these values of the parameters and the values for which r has been replaced by 
— ^,the CGW algebra CQW{Dn) of type £>„ of [5] with parameters I and m over the 
field Q{1, m) is not semisimple. 

Note Theorem 1 together with point («) of Theorem 2 imply the Main Theorem. 
On the way, we further show the following theorems on the dimensions. 

Key assumption: until the end of the paper, we assume that the Hecke al- 
gebras 7{(D„) and Hp r^ln) are semisimple. 

Theorem 3. (Existence of a one-dimensional invariant subspace) Let n be an 

integer with n > A. In Vn there exists a one-dimensional invariant subspace if and 
only if I = ^4,1_7 . If so, it is unique and it is spanned over Q{1, r) by the vector 



E 



l<i<j<n 



Theorem 4. (Existence of an irreducible [n — l)-dimensional invariant sub- 
space) Let n be an integer with n > 5. In there exists an irreducible (n — 1)- 
dimensional invariant subspace if and only if I = ^,2^-7 ■ If so it is unique and it is 
spanned over Q{1, r) by the vectors v/s, 1 < i < n — 1 with 



^ j=i+2 



(r^" *^ - + ^ ' ^ | (m^+i j - r Wi,^ ) + ({[^^Ti^- - r 

s=l ^ 

Theorem 5. (Existence of an irreducible n-dimensional invariant subspace) 

(i) Let n be an integer with n > 4 and n ^ 5. If there exists an irreducible n- 
dimensional invariant subspace inside Vn, then I — — ^2^-5 - 

(m) (Case n = 5) If there exists an irreducible 5-dimensional invariant subspace inside 
V5, then I e {— r'^}. If so, it is unique. 
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Theorem 6. (Existence of an irreducible "^^^^ ' -dimensional invariant sub- 
space). Let n be an integer with n > 6. If there exists an irreducible liilLz^). 
dimensional invariant subspace inside Vn then I = r-^. 

Theorem 7. (Existence of an irreducible -dimensional invariant sub- 

space). Let n be an integer with n > 5. If I = ^, there exists a unique irreducible 

-dimensional invariant subspace inside Moreover, it is spanned over Q{1, r) 
by the vectors tij = Wij — Wij, 1 < i < j < n. 

The theorems above have been stated in increasing order for the dimensions 
when n > 5. While Theorems 3 and 4 provide necessary and sufficient condi- 
tions for the existence. Theorems 5, 6 and Theorem 7 only provide a necessary 
condition and a sufficient condition respectively. We show along the proof of 
Theorem 2 point (i) that when the representation is reducible, the action on 
a proper invariant subspace is a -action. When H{Dn) is semisimple, 

which we assume in this paper, the irreducible representations of H{Dn) are 
indexed by unordered double partitions (A, /i) of n as in Theorem 1.5 of ||T4|. 
Their degrees is given by the number of standard Young tableaux of shape 
(A,(u). By standard, we mean that the integers ranging from 1 to n must be 
filled in the tableau with the numbers increasing along the rows and down the 
columns. (0) denotes the empty partition. The classes of irreducible H{Dn)- 
modules are called Specht modules. In [24], we give the complete classification 
of the invariant subspaces of the representation in terms of Specht modules. 

We end this introduction by presenting a conjecture that relates to point (ii) 
of Theorem 2. It gives a semisimplicity criterion for the CGW algebra of type 
Dn in the same spirit as existing criteria for type A. Let's briefly recall these cri- 
teria in type A. In |35], Hans Wenzl was the first to discuss the semisimplicity 
of the Birman-Murakami-Wenzl algebra. He considers the BMW algebra with 
nonzero complex parameters / and m. He shows the following result. 

Theorem. [Wenzl], 1988 The BMW algebra with nonzero complex parameters I and 
m is always semisimple except possibly ifr is a root of unity of if I is some power ofr, 
where r is a complex root of the polynomial X"^ + mX — 1. 

Some of these powers are identified twenty years later in the Ph.D. thesis of 
[20 1 and Theorem 2, point {ii) of the present paper can be viewed as a general- 
ization of Theorem 2 of |22J. We recall below this result in type A. 

Theorem. [Levaillant-Wales], 2008 Let n be an integer with n > 3. Let m, I and r 

be three nonzero complex numbers with m — ^ — r. 

1) Suppose n > 4. If r^'^ — 1 for some k e {2, ... ,n} or if I belongs to the set of 
values r,-r^, ^^^^k^, , - , ~r'^"-^ , r"""^ , -r"'-^ , the BMW algebra 
BMWn of type A„_i with parameters I and m over the field Q(Z, r) is not semisimple. 

2) Ifr^ = lor = lor if I e {— r'^, ^j-, 1, —1}, the algebra BMWz with parameters 
I and m over the field Q{1, r) is not semisimple. 
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Simultaneously and independently, using cellularity techniques that were first 
introduced by John Graham and Gus Lehrer in [11], Hebing Rui and Mei Si 
find a complete criterion of semisimplicity for the BMW algebra. Their work is 
based on the groundbreaking work of John Enyang |9|, where he constructs a 
cellular basis for the BMW algebra. Let's recall here Theorem S of |32| 

Theorem. [Rui-Si], 2009 Let n be an integer with n > 3. Let Bn be the Birman- 
Murakami-Wenzl with parameters I and r. 

a) Suppose I ^ {— r, i}. Then Bn is semisimple if and only if o{r) > 2?! and 

n 
k=3 

b) Assume I e {— r, i}. Then, 

Bn is not semisimple ifn is either even or odd with n> 7. 

Bz is semisimple if and only ifoir) > 6 and r"' ^ — 1 

B5 is semisimple if and only ifoir) > 10 and 7^ — 1 and 7^ — 1. 

In their Theorem, case b) is different and is the case when e| = 0. 

Based on Theorem 2 of this paper, and in the spirit of the Theorems [Wenzl] 

and [Rui-Si] stated above, we give the following conjecture. 

Conjecture. Let I, m and r be three nonzero complex numbers with m = \ — r. 
The CGW algebra with parameters I and m over the field Q{l,r) is semisimple except 
possibly ifr is a root of unity or if 

n 

I e U {r2^-5, -r^-^'^, -r^'^-^ r'-^\r'-^'^, -r^^-'} 

k=i 

The values of Theorem 2 point [ii) that don't depend on n, id est, r'', — — r 
and — are obtained with k = A and k — 5 respectively. As for the values 
that depend on the integer n, they are obtained with k = n. 

The paper is organized as follows. In section 2 we introduce the diagram- 
matic version of the CGW algebra of type These diagrams were introduced 
by the authors in [6|. They show that the CGW algebra of type £>„ is isomor- 
phic to a tangle algebra of type Dn- We next use this tangle algebra to construct 
the representation of CQyV{Dn) announced in Theorem 1 of the introduction. 
In §3, we show that when the representation is reducible, the action on a proper 
invariant subspace is a -action. We then investigate the existence of ir- 

reducible ■H(-D„)-modules of small dimensions inside the Cohen- Wales space. 
To finish the proof of reducibility we use induction on the integer n. In §4, we 
finish proving the theorems of the introduction. 
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2 Construction 



2.1 The tangle algebra of type Dn of Cohen-Gijsbers- Wales 

In ||6l, Arjeh M. Cohen, Die A.H. Gijsbers and David B. Wales build a diagram 
algebra that they show to be isomorphic to the CGW algebra of type Z)„. Here 
is how the elements g^'s and e^'s are represented in their tangle algebra. 




1 i-1 j n 1 i-1 i n 




1 i-1 i n 1 i-1 i n 

The elements gi and Ci 

2<i<n 

The vertical bar on the left hand side is rigid and is called the pole. Among the 
gi's and the e/s, only the elements gi and ei have strands twisting around the 
pole. While the gi's only have vertical strands, the e/s contain two horizontal 
strands. The following relations hold for twists around the pole. 



The first relation says the pole has order two. The second relation says it is 
indifferent whether the double twist is in the order over-under or in the or- 
der under-over The tangles are defined up to regular isotopy, that is Rei- 
demeister moves II and III are permitted. For the definition of these moves, 
see |28|, page 4. There are seven more defining relations in the tangle alge- 
bra. Three of them are independent of the presence of a first node and are 
the exact same relations as in the algebra of Morton and Traczyk |28J, the dia- 
grammatic version of the Birman-Murakami-Wenzl algebra. First, there is the 
Kauffman skein relation. It is the way you transform an under-crossing into an 
over-crossing and conversely. It is the diagrammatic version of the algebraic 
equality - g~'^ = m{ei - I). 




Next, the defining algebraic relations {DL) are called "delooping relations". 
Indeed, the way you get rid of a loop on the diagrams is by multiplying by a 
factor / or as follows. 

o . p-^ 



o =P 

Finally, to finish with the non pole-related relations, here is how the relation 
ef = 5ei is conveyed in the diagrams. Each closed loop not intersecting a 
tangle T can be removed from the tangle by multiplying by a factor 5. 

There are now four other relations that involve the pole. They are the dia- 
grammatic interpretations of the algebraic relations gi (72 = .92 gi, ei 52 = 52 ei, 
62 .91 = gi 62 and 62 ei = ei 62. We call the first of these relations the commuting 
relation, as in (S). This relation will be extensively used in the present paper. 
The other relations are referred to by the authors in |6| as the first pole-related 
self -intersection relation, the second pole-related self -intersection relation and 
the first closed pole loop relation respectively. For these, we refer the reader to 
the diagrams (v), (vi) and (vii) of [6]. 
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The commuting relation 
2.2 Construction of the representation 

To each vector of the Cohen- Wales space, we associate a tangle. This tangle 
has two horizontal lines, one at the top joining nodes s and t and one at the 
bottom joining nodes n — 1 and n. The top horizontal line over-crosses all 
the vertical strands that it intersects. Moreover, if the vector wears a hat, the 
top horizontal line twists around the pole, while when the vector does not 
carry a hat, there is no twist around the pole. If there is one twist around the 
pole, there should be another twist around the pole. The first possible vertical 
strand twists around the pole with the twist taking place below the twist of the 
horizontal strand. 

In algebraic terms, to the root ai, one associates the CGW algebra element 
ei e3,„. We then build the other positive roots inductively by acting with the 
simple reflections, except for the positive roots of type wij. For instance, 

ai + 0.2 + 2 a-ii + h 2 Q'j + Qj+i + h = . . . r2 rj . . . r3(ai) 

and the associated agebra element is 

9i,2 9j,3eie3^n 

By Qij or Bij, we understand gi . . . gj or Ci . . . ej. The reader can check that the 
corresponding tangle has all the above characteristics. For the positive roots 
of type wij, we must also use some inverses of the gk's. For instance, when 
j > 3, the associated CGW algebra element is 52^^515^,36163 „. An action by a 
generator gk on these tangles can shift one of the horizontal strand's extremities 
and/ or introduce crossings between the vertical strands. Let Hn be the Hecke 
algebra of type Ai x -0,1-2 with generators z and 51, . . . , gn-2- Denote by C„ 
the CGW algebra of type D„. 

Claim 1. M„ = Cnen/{C„ Cjej C„ n C„ en)i,)Cj is a right Hn-modulefor the action: 

Vl<fc<n — 2,Va;e M„, x .gk = xgk 
Va; € Mn, x.z= ^2 X e„,3 ei 52 ei e3,„ 
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The Qk's act to the right of elements in Mn by simply multiplying them to the right in 

z acts to the right of elements in Mn by multiplying them to the right by ^ in Mn, 
where ^ 

^ ~ §2 ^"'3 ^1 92 ei e3,„ 

Proof of the Claim. If x e M„, since for every integer k with 1 < fc < n - 2, 
the generator y^. conunutes to e„, we see that x .gk is again in M„. Next, we 
have ^ 

x-igl+mgk) = x{l + y efe) 

But since e„ and commute and e„ = in C„ e„/ (C„ ei Cj C„ n C„ en)i^j, 
we see that gl+rag^ acts like the identity on x. Further, x . z belongs to M„. It 
remains to show that z'^ + mz acts like the identity on x. We have 



x.{z'^+mz) = e„,3eig2eie3,„en,3eiff2eie3,; 

= x{^en,3ei{gl + mg2)eie3^n) 
1 

e„.3 ei(l + 

m 

) 



(52 



^(^ e„,3 ei(l + — e2)eie3,„) 



.1 



.,3ei52eie3,„) (17) 
(18) 
(19) 
(20) 



Equality (17) comes from the definition of the action. Equality (18) can be ob- 
tained by first using the relation = S e„, then applying the relation eiBjCi = 
Bi for adjacent nodes i and j multiple times, finally by using the fact that ei and 
52 commute and applying e\ = 6 Ci. To get (20), observe that 6162 = in M„, 
then apply the same machinery as before. Now j e„ acts to the right like the 
identity on any word ending in e,i. This settles the claim. □ 
Let's now provide our ground field F = Q{l,r) with a structure of left 'H„- 
module. We wiU consider the one-dimensional action given hy gk -1 = r for 
every integer k with 1 < fc < n — 2 and by 2: . 1 = r. Then, 

Cn en/{Cn Bi Bj Cn H C„ Bn)i,/,j 0H„ Q(^, € C^Mod 

Our representation is built inside this CGW algebra left module. We show 
that the elementary tensors ®-h„ 1 are invariant under the action by the 
generators gk's. To do so, it will be useful to understand the important role 
played by the special element ^. Here is how this element ^ is represented in 
the tangle algebra: 



n-2 



C 



n-2 
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The strand which has the shape of an eight can freely slide along the pole and it 
can be viewed as a coefficient. It is called S+ in [6J and it has many interesting 
properties. One of them is that it commutes with another twist around the 
pole, as shown on Fig. 9 of |6|. Another property of S+ is that it satisfies a 
Kauffman skein type relation (see equation (2.1) of Lemma 2.11 in [6|). We 
have C — ^2 S+ e„. Note this simplified expression for ^ allows us to recover 
the fact from earlier that 



1 



Indeed, 



1 /"+\2 ^ "+ 



1 

P 
1 



52 



(21) 
(22) 
(23) 



Equality (21) holds by definition. Equality (22) comes from an application of 
equality (2.2) of Lemma 2.11 of [6|. Cohen, Gijsbers and Wales define a (0, 0)- 
tangle 9 that consists of two separate loops each of which twists around the 
pole. The elements S+ and Q are interesting in that there is an analogy between 
gi (any i) and S+ on one hand and (any i) and Q on the other hand, as is 
visible on equalities (2.1) and (2.4) of the same lemma. To get equality (23), 
notice that 

B e„ = e„,3 ei 62 ei 63, „ (24) 



This equality is illustrated on the following figure. 



• • • 



Now the right member of (24) is zero in Af„, which after simplification yields 
(23). Let's now mention the key property that we will use extensively to build 
the representation. A loop around the pole can be suppressed at the cost of a 
factor S^^ S+, as shown on Figure 1. 
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Figure 1 

The trick is to add a closed loop by dividing by a factor S and to twist it twice 
around the pole, using the double twist relation. Next, apply the first pole- 
related self-intersection relation (v) of [6J to get the member to the right. In 
terms of our representation, here is how this tangle property is nicely used. 
Replace e„ by | . Then the CG W algebra element representing the new tan- 
gle where the loop around the pole has been removed is obtained from the 
old CGW algebra element representing the original tangle containing a loop 
around the pole by multiplying it to the right by e„. So suppressing the 
loop around the pole is equivalent to acting to the right by z. But recall we are 
working inside M„ (E)-Hn Pf so acting to the right by z on an element of Mn is 
like acting to the left by z on 1. So, in our representation, a loop around the 
pole is replaced by a multiplication by r. We next show that, if in the loop the 
crossing has the opposite sign, the loop can be removed at the cost of a factor 
i . First by the same tangle trick, such a loop can be removed at the cost of a 
factor J where 'Er is the following tangle 




Figure 2. The (0, 0)-tangle ^ 

This tangle was introduced in ||6|, and as mentioned by the authors, this tangle 
S~ is not the inverse of S+. We show that multiplying a tangle by S^^E^ is in 



the C„ -module A/„ 



F a division by r. It suffices to show that the product 
acts to the right of e„ like the identity. We have 



1 



1 



1 
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We show 2 ^+ = (5^. This is a simple application of the first pole-related self- 
intersection relation, as shown on the figure below. 





The "eight" at the bottom becomes a closed loop, hence a factor 6. The "eight" 
at the top now has two self-intersections. These intersections are so that an 
application of Reidemeister's move II is possible. Thus, you get another closed 
loop and the announced result. So, the product we considered is j e„ and it 
indeed acts like the identity to the right on e„. We conclude that a loop around 
the pole with a crossing of opposite sign as the one in Figure 1 can be removed 
at the cost of a division by r. 

Using these preliminary remarks, it is now straightforward to see that the ac- 
tion of the generators gk's leaves the basis consisting of the elementary tensors 
iS)H„ 1 invariant. The fact that we can multiply at the bottom by gi (resp 
gi ^ ) at the cost of a division by r (resp a multiplication by r) allows us to easily 
change the extremities of the vertical strand that twists around the pole when 
these are not well positioned. This is for instance shown on the following ex- 
ample. 



12 j n 




When computing the action by 53 on the basis vector w^j, we use Reidemeis- 
ter's move III to move the crossing under the horizontal strand, then multiply 
the tangle at the bottom by g^^ and simultaneously compensate this addition 
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by a factor r. To finish, a simple use of the double twist relation, followed by 
Reidemeister's move II allows node number 2 at the top to join node number 
1 at the bottom with a vertical strand twisting aroimd the pole below the hor- 
izontal strands. The final result is 53 . wi^j = r wJ^.We finish this construction 
section by describing one of the actions, namely the action by gi on w^j when 
i > 3. This is the most complicated action for our representation. Computing 
this action involves using the commuting relation a first time, then the double 
twist relation once, Reidemeister's move III twice, then acting by 51^^ at the 
bottom at the cost of a miiltiplication by r to get this tangle. 



1 2 i j 




The work is not yet over. Indeed, in our basis, the horizontal strand always 
twists above the vertical twist. An important feature of the commuting rela- 
tion is that it allows one to pull the bottom twist up and to draw the upper 
twist down, hence changing the order in which the horizontal strand and the 
vertical strand twist. In the process, if the horizontal strand that twists arovmd 
the pole was over-crossing (resp under-crossing) the vertical strand that twists 
around the pole, it now under-crosses (resp over-crosses) it. So, using the com- 
muting relation a second time, we get 



1 2 i j 




We are now in a situation where the first two vertical strands over-cross the 
top horizontal strand. We need to transform the four crossings that are in- 
volved. These are pointed out on the diagram by circles. We do so by using the 
Kauffman skein relation. When all the under-crossings have been transformed 
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into over-crossings, we get the term r Wij of (1). The rest of the computations 
must be done step by step with patience. They lead to the result in (1). 
We last show another role played by the element ^. When acting by gi on W12, 
one creates a pole-related self-intersection as in Fig. 13 of |6|. As shown on the 
same figure, this pole-related self -intersection can be replaced by ^ S+. From 

there, replacing e„ by -j^, we get a multiplication to the right of e„ by ^. Hence 
the action by gi on wi2 is a multiplication by r. 

3 Reducibility 

3.1 Action on a proper invariant subspace 

The following proposition is an easy but crucial statement about the Cohen- 
Wales representation. It precises the action on a proper invariant subspace 
when the representation is reducible. 

Proposition 1. Let Ubea proper invariant subspace ofVn- Then, 

Vl<i <7i, i/(")(e,)(Z^) =0 
Thus, the action on a proper invariant subspace is a Hecke algebra action. 

Proof. Let U he a proper invariant subspace of Vn- Fix i with 2 < i < n. An 
action by on any element of the Cohen- Wales space is always proportional to 
the vector Wi-i^i. Similarly, an action by ei on any element of the Cohen-Wales 
space is always proportional to the vector W12. Hence in the first case, if the 
action by on U is non-trivial, then the vector Wi-i^i belongs to U. And in the 
second case, if the action by ei on is non-trivial, then the vector wii belongs 
to U. But by construction (see the beginning of § 2.2), the vectors uT^'s are all 
of the form ?/ 6163 „ with y a certain product composed of gk's and g^^'s. Then, 
obviously if one of the wj^ belongs to U, since U is invariant, U is then the 
whole space. This is in contradiction with U proper. So, the proposition holds. 

The goal now is to study which irreps of H{Dn) can occur in the Cohen- Wales 
space. First we recall some basic representation theory of the Hecke algebra of 
type Dn and study further the degrees of the irreps of 'H{Dn) that are less than 
— n, the degree of our representation z/^"). 

3.2 Degrees of the irreps of ^{Dn) 

In this part, we assume that the Hecke algebra of type £>„ is semisimple and we 
study the degrees of its irreducible representations. We work over the field F = 
Q(Z, r) which has characteristic zero. Up to some rescaling of the generators, 
our algebra ^{Dn) is the algebra (£>n) of L14J. If HiDn) is semisimple, then 
by the proof of Theorem 1.5 of ||T4| , we have fnir^) 7^ 0. Pallikaros defines 
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/„(r2) in his definition 2.12 of f30] as 



n-l 

fe=i 

If /„(r^) 7^ 0, then r'^'^ 7^ —1 for every integer k with 1 < fc < 71 — 1. We will 
make this assumption in the remainder of this paper. In the past fourty years, 
many authors have studied the representation theory of the Hecke algebra of 
type D„ in, (301, US, El to only cite a few of them. It seems the study 
finds its origin in the Canadian Ph.D. thesis of P.N. Hoefsmit fl2]. Our work 
is based on the existing theories that classify the irreducible 'H(i)„) -modules. 
The main result that we use has been copied here from IISTll . We use however 
the notations of our own paper. 

Theorem. [Hoefsmit], 1974 The modules S^°''^\ where (a,/3) runs over all un- 
ordered pairs of partitions such that a ^ and \a\ + = n and, when n is even the 
modules S"'"'"^ and S"^"'"' , where a runs over all partitions such that 2\a\ — n, 
form a complete set of non-isomorphic irreducible modules for 'H{Dn). 

This Theorem says the non-isomorphic irreducible H{Dn) are indexed by un- 
ordered double partitions of n. They are called Specht modules. To keep the 
notations lighter, we will sometimes write 8°"'^ instead of S'^" '^' and S"''"^ 
(resp S"'" ) instead of 5^"'"^^ (resp ), that is we omit the parenthesis 

around the partitions. Since the double partitions are unordered, if (A, /j,) is a 
double partition of n, we can assume without loss of generality that |A| < |/Li| 
and so when n is odd |A| < ^. Moreover, the dimension of S''^'^ is given by 
the number of standard tableaux of shape (A, /i), except in the case when n is 
even and \ ^ jj. (and so 2|A| = n). To describe the latter case, let's introduce the 
notations of [31 J. When a ^ (3, the Specht modules S^"''^^ are spanned by vec- 
tors vl indexed by standard tableaux of shape (a, /?). When a = /3, the Specht 
modules S'^"'")^ and are respectively spanned by vectors 

= I'L + W<T L 

where i is a standard tableau of shape {a, a) and where a is the map sending 
the standard tableau L = {La, Lp) of shape (a, /3) to the tableau a L = {Ljp, La) 
of shape (/?, a). Let's take an example. Suppose n = 4. The standard tableaux 
of shape ((2), (2)) are: 



L2 - ( 

^3 = ( 


1 


2 


1 


3 


4 


) = ( 


3 


4 


7 


1 


2 ) 












1 


3 




2 


4 


) <^L,^{ 


2 


4 


■) 


1 


3 ) 












1 4 , 


2 3 


) <yL3 = { 


2 


3 


1 


1 


4 ) 



Wehavedim(5(2),(2)+) ^jjjj^(5(2),(2)-) = 3 and 5(2),(2) ^ ^(2),(2)+ ^ 5(2),(2)- _ 
Recall the Cohen-Wales representation of CQW{Dn) has degree n{n — 1), the 
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number of positive roots of a root system of type Our goal in this part is 
to find all the dimensions of the Specht modules that have dimension less than 
n{n — 1) for a given n > 4. We prove the following result. 

Theorem 8. Let n be an integer with n > 4. Assume that ^{Dn) and % py2 [n) are 
semisimple. 

(i) Assume that n =^ {4,8}. Then, the irreducible representations ofHiDn) have 
degrees 

n(n~3) (n-l)(n-2) , , (n - l)(n - 2) 
1, n — 1, n, , or degrees greater than 

(ii) The irreducible representations ofH^D^) have degrees 1, 2, 3, 6 or 8. 

(Hi) The irreducible representations of'H{D^) have degrees 1, 7, 8, 14, 20, 21 or degrees 
greater than 21. 

(iv) For sufficiently large n, an irreducible representation of'H{Dn) has degree 
1, n - 1, n, ^^^^i^^, ^i^, n(n - 2) 

or degree greater than or equal to n(n — 1). 

Proof. Suppose (A, /i) is a double partition of n with |A| — k,\^\ = n k and 
n > 2k. We study the possible dimensions, depending on the value of k and 
then n. 

* If fc = 0, A is the empty partition and /i is a partition of n. We want to 
count the number of standard Young tableaux of shape /i. This number is 
the same as the dimension of the Specht module S*^, where S*^ denotes a 
class of irreducible H p^r^ (7i)-module for each partition /i of n. By Corol- 
lary 2 of 122 1, when 'Hp^r^{n) is semisimple, the irreps of Hp^r^in) have 
degree I, n — I, "^"""^^ (n-iKn-2) degrees greater than ("^^K"-^) ^ 
except when n = 4 (resp n = 8) when their degrees are 1,2,3 (resp 
1, 7, 14, 20, 21 or degree greater than 21). 

* If fc = 1, the Ferrers diagram of A is just one box. There are n possible 
choices to fill it. Once this single box is filled, there are (n — 1) integers to 
fill in a standard tableau of size (n-1). Notice that "(""iK"-4) > 

as soon as n > 6. So, using the previous case, when n > 6 and n ^ 9, the 
only possible degrees are n and 71(71 — 2). The case 71 = 9 is in fact not an 
exception since 9 x 14 > 9 x 8. When n — 5, the possible degrees are 5, 10 
and 15. Finally, when rt = 4, the possible degrees are 4 and 8, so the case 
n = 4 is not exceptional. 

* li k = 2, suppose first 77 > 5. There are two possible partitions for A and 
"■^"■^^'f ways to fill in the two boxes. Once this is achieved, there are (71— 2) 
integers to fill in a standard tableau of size (71 — 2). Suppose first n 7^ 6 
and n ^ 10. When n > 5, we have > n{n — 1), so the only 
possibility is to have a degree equal to "^"^""^^ . Consequently also, the case 
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n = 10 is not an exception. As when n = 6, because 2 = fi{n — 1), 

the only possible degree is again 15. So this case is also not an exception. 
Let's now deal with the case n = 4. We have |A| = = 2. Suppose first 
A ^ /i. Since (A, /i) is unordered, without loss of generality, take A = (2) 
and /X = (1, 1). The dimension of is (^) = 6. When A = /x, the 

dimensions of S^'^^'^^^^ , 5^^^'^^^ and their conjugates are 3 as shown on 
the example above. Hence we have the extra degree 3 in that case. 

* If = 3 and n > 6, we have (^) = "("-iK"-2) > _ ^^^j^ 
n > 8, hence we only need to worry about the cases n = 6 and n = 7. 
First, if n = 6 and X = jj, = (3), we have 

dim(5(3)'(3)^) = dim(5(=^)'(3)") = -^^ = 10 

Their conjugates also have dimension 10 when A = /u = (1, 1, 1). As when 
A = = (2, 1), the dimension is too big. Indeed, we have 

dim(5(2.i).(2.i)+) = dim(5(2'i).(2.i)-) = X 2 ^ ^ 3^ 



Next, if I A| = \ii\ but A 7^ /z, there are (2) = 3 ways to choose two tableaux 
out of fhiee. First if (A, n) = (3), (1, 1, 1), the dimension of 6'(^''') is 20. 
Second if A = (2, 1), the dimension is too big: 2 x (!|) = 40 > 30 = 6 x 5. 
When n = 7, we have 2 x (3) = 70 > 42 = 7 x 6, so we must have 
A e {(3), (13 )} and A* G {(4), (1-*)}. The dimension of S'^^''*) is then 35. 

* If = 4 and n > 8, we have 

n(n — l)(n — 2)(?T, — 3) , , 
4/ 6x4 - ^ ^ 

Hence, except possibly when n = 8, there are no irreducible 'H(Dn)- 
modules of dimension less than n(n— 1). When n = 8, the Specht mod- 
iiles S^'^^'^^'i , '(^^ and their two respective conjugates aU have di- 
mension 35 and there are the only irreducible ■H(£'8)-modules of dimen- 
sion less than 56. 

* If 5 < A; < |, the following inequality holds. 

Lemma 1. For every integers k and n such that n > 10 and 5 < k < ^, we 
have 



n{n — 1) 

Proof of the Lemma. The member to the left of the inequality is 

(n - 2) . . . (n - /c + 1) 
A;. ..4. 6 
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In this fraction, there are {k — 2) terms in the nominator and there are 
(fc — 2) terms in the denominator. Moreover, we have n > ^ + 2, so that 
71 > fc + 2. Further, we have n— fc + l>6asn>§+5. □ 

When k < ^, the smallest possible dimension is (^), which by the lemma 
is greater than or equal to n{n — 1). Thus, it remains to inspect the case 
when fc > 5 and n ~ 2k. In that case, the smallest possible dimension is 
i(^). Butwhenn > 12, we haven > § + 6 so that n - f + 2 > 8. Then, 



1 (f) ^ (n-2)...(n-g + 2)(n-f 
2n(n- 1) ~ §...5.8.6 



> 1 



and so 



> n{n~ 1) 



And when n = 10, this inequality still holds by a direct computation. 
We conclude that when 5 < fc < §, there does not exist any irreducible 
H(I?n )-modules that have dimension less than n{n — 1). 

In summary, we have found the following degrees in the generic case: 

n(n — 3) (n— l)(n — 2) n(n—l) , 

l,n- l,n, ^ '-^ '-,n{n-2) 

' ' 2 ' 2 ' 2 ' ^ ' 

If the study is complete for the non-zero fc's, it is incomplete when fc = 0. In- 
deed, we don't have a complete list of the degrees of the irreps of H , 2 (n) 
when these degrees are between ("~iK"~^) ^^{j^ _ \Ye only know that 
when n is large enough, an irreducible "H F.r^ (n)-module either belongs to i?„ (3) 
or has dimension greater than r? . This result comes from Theorem 5 of [[TSl , 
applied with m = 3. James' work deals with the irreducible representations of 
the symmetric group Sym{n), but can be applied to the irreducible representa- 
tions of T-Lp^r^{n). Indeed, in characteristic zero when ?^^ ,.2(n) is semisimple, 
the degrees of the irreps of Syni{n) are the same as the degrees of the irreps of 
T-LF,r'^{n). James denotes by i?„(m) the classes of irreducible Specht modules 
with fii > n — rn, where /i = (/ii, ^2, ■ ■ ■) is a partition of n, or their conju- 
gates. A Specht module 5'' belongs to i?„(3) if the first row or the first column 
of the Ferrers diagram of the partition fi contains ?i — 3, rt — 2, ?i — 1 or n boxes. A 
straightforward application of the Hook formula (see for instance [34]) shows 
that 

M e i?„(l) dimM e {l,n-l} 

Mei?„(2)\i?„(l) ^ dimAfe {^^^, ("-iK"-2) | 

Mei?„(3)\i?„(2) ^ dimA/e | n(«-lK»-5) ^ «(»-2K«-4) ^ («-l)(»-2)(n-3) | 

For (c), we give below the Ferrers diagrams and the hook lengths. The first 
row of each diagram contains {n — 3) boxes. 
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n-2 


n-3 


n-4 


n-6 




1 


3 


2 


1 





n-1 


n-3 


n-5 




1 


3 


1 




1 







n 


n-4 




1 


3 




2 


1 



The dimensions of the respective Specht modules are obtained by taking n! 
over the product of the hook lengths. When n > 11, the three quotients in (c) 
are greater than or equal to n(n — 1). Then, point {iv) of Theorem 8 holds. This 
setties the Theorem. 



3.3 Existence of a one-dimensional invariant subspace 

In this part we investigate the existence of a one-dimensional invariant sub- 
space inside V„. We show the only values of I and r for which that happens 
are those such that I = jik=7- Assume such a space exists. Let u be a spanning 
vector and so there exists scalars Ai, . . . , A„ such that Vi{u) = XiU for each i. 
Further, since {uf + mi>i){u) = u, we get € {r,—^ }■ We show that all the A/s 
must in fact be equal to r. First, all the A/s are equal to say A. Indeed, applying 
the braid relation g^gsQi = 535153, we get Ai = A3 and applying further the 
same braid relation on nodes 2, . . . , n, we get that all the A/s with 2 < i < n 
are equal. Let's write a general form for u as follows. 

l<i<j<n l<i<j<n 

Lemma 2. Let i be an integer with 2 < i < n. If Vi{u) = \ u, then JilJ = A Jh-ij 
for every j > i and JJi^ = A iik,i-ifor every k <i — l. 

Proof. Let's for instance prove the first equality. It suffices to look at the term 

inwj_i.j (resp 7lv~Lj ) in (u) = \u. Forallj > z, an action by 5^ createsaterm 
in (resp u*i~L^) only when it acts on Wi^j (resp vHj)- Hence the result. 

As a corollary, if one of the /i^j's (resp /%'s) is zero, then all the ^.ij's (resp 
fLij's) are zero. We show that it is impossible to have all the equal to zero. 
Indeed, if so, then all the Hij's are non-zero. Acting with v\ on wi^ creates a 
term in W2j. Moreover, as shown by the equations (1) — (7), this is the only way 
to create a term in w^j when acting with vi. This yields a contradiction. Thus, 
all the jlij's are non-zero. From there, it is easy to see that A must be equal to r, 
not — ^. Indeed, look at an action of gi on and notice this is the only way 
to get a term in w^i when acting with vi. Since the term w^i is multiplied by 
r, we see that A must be equal to r. The goal next is to find the relationship 
between the hat coefficients and the non-hat coefficients. For that, we look at 
the coefficient of wij for j > 3 in (m) = r u. We get 

3-1 n 
i=3 k=3+l 
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By simplifying this expression and using the relations between the coefficients, 
we derive 

^ i=3 k=j + l 

After evaluating the two sums of powers of r and simplifying, we obtain 

(25) 

Let's now look at the coefficient of wi2 in ui{u) ~ ru. We have 

^ j=3 j=3 ^ ^ 1=3 j=i+l 

_ . _ (26) 

where we used the relation — ^r^ ^ /Tj^. Also, we have 

M2j — r fiij — r ■> [i\2 

Mlj" — ^ Mlj — ^ /^12 

where the equalities to the left hold by (25). After evaluating the sums, simpli- 
fying and dividing by /ii2 which is known to be a non-zero scalar, all the terms 
in (26) simplify nicely It yields 

Conversely, suppose I = ^4,1_7 and let 



1 < z < < n 1 ^ i < J ^ ''T' 



It is a tedious but straightforward verification that the gk's act on u by multi- 
plying it by r. Theorem 3 is thus proven. 

3.4 Existence of an irreducible {n — 1) -dimensional invariant 
subspace 

The goal of this part is to prove Theorem 4 announced in the introduction. We 
still assume that H{Dn) and Hp^r^{n) are semisimple. By §3.2, except when 
n — 4 and when n = 6, there are exactly two rnequivalent irreducible represen- 
tations of HiDn) of degrees (n — 1). In |:20J, page 53, we provide matrix repre- 
sentations iMt)i<i<n-i for (resp {N,)i<i<n-i for ^(^'i""')) when we 
work with HF,r^{n)- To get a matrix representation (i/i)i<i<„ for 
(resp (A'i)i<.,<„ for S'(o''(2,i""'))^ it suffices to take H,+i = M.^ for all i with 
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1 < I < n — 1 and Hi = H2 (resp Ki+i = Ni for all i with 1 < i < n — 1 and 
Ki = K2). We show that it is impossible to have a basis vi,. . . , Vn-i of vectors 
of the Cohen- Wales space such that 



rvi 



(a) vi{vi) 
(&) vi{v2) = -rvi- 
(c) vi{vt) = -^Vt 



V2 

> 3 



i > 2 



(d) Vi{vi) 

(e) Vi{vi^i) 

if) l^i{Vt-2) 

{9} ^'^(^'t) 



-rvi-i - - 

I {Vi-2 + Vi 



In other words, the Specht module ^) cannot occur in the Cohen- 

Wales space. First, we claim that for n > 8, the result is obvious. Indeed, 
we have by equation {g) of (V) 



yt > 4, ut{vi) = — vi 

r 



(27) 



Then, for every t> 4, all the terms in vi must have indices starting or ending in 
t — lort. This is not possible as soon as n > 8. Thus, it remains to deal with the 
cases n e {4, 5, 6, 7}. When n = 7, the contradiction comes almost immediately 
as by (27), we must have vi = A46U>46 -I- Xaqw^. But then frivi) ^ —^vi. 
When n = 6, we have by the same arguments as above 

^^1 = A35 W35 + A45 IU45 + A46 W46 

By z/4 (wi ) = —^vi, we can reduce further the expression to the first three terms: 

Then acting with pq closes the case. When n = 5, by (27) with t e {4, 5}, we 
have 

vi = A45 W45 -I- A34 W34 -I- A35 W35 (28) 



r '^34- 

iA. 



Apply Lemma 2 with A = — ^ and i = 5 to get A35 = and A35 = 
Apply again Lemma 2 with A = — ^ and z = 4 to further get A45 = A35 
Because the three coefficients that are involved are thus related, they are all 
non-zero. By the linearity in the w/s in the relations (V), we can set without 
loss of generality A34 = 1. Then, 



^^1 = ^34 



- W^35 + ^ W45 



(29) 



We can now conclude. By V2 = —rvsivi) — vi, there is no term in W15 in V2. 
But there is a non-zero term in W15 in V2{v2), namely ^15. This contradicts 
^2 V2 =^ —r vi — J, V2 and finishes the case n = 5. Let's deal with the case n = 4. 
First, by (27) with t = 4, there are no terms in and in vi. Hence, a 
general form for vi is 



Vl = A34 ^34 -I- Ai3 Wi3 + Ai4M;i4 + A23 ^23 + A24 W24 



(30) 
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We next apply Lemma 2 with the relations ^^{vi) = — ^ vi and 1^2 (vi) = rvito 
get the set of relations 

A23 = rXi3 
Al4 = — ^Ai3 
A24 = — Al3 

Consequently also, at least one of A13 or A13 must be non-zero. Otherwise, vi 
would be a multiple of W34. Then V2 = —rX{w24 + mw2d, + rw^i) for some 
non-zero scalar A. This expression is not compatible with V3{v2) = rv2 since 
the term in W2^ in v-i{v2) is —mr^X — ^^^^ and 7^ 0. Further, we see on 
the defining relations for the representation that (5) is the only way to get a 
term in when acting with Pi on vi . This fact together with (a) implies that 
Ai4 = r A24. Thus, both A13 and A13 are non-zero. Without loss of generality, 
set Ai3 = 1. Then, by 

V2 = -riy3{vi) - vi, 

we see that the coefficient of in V2 is — r. Thus, the coefficient of in 

—rvi — i f2 is 1, while the coefficient of W12 in 1^2 (''^2) is — r^. Since 7^ — 1, 
this contradicts equality (d) with z = 2. So, we are done with all the cases and 
conclude that the Specht module S^^^'*-"^'^" cannot occur in the Cohen-Wales 
space. We now show that the conjugate Specht module can occur 

in the Cohen- Wales space for the values I = ^.2^-7 ■ If in the Cohen- Wales space 
there exists an irreducible invariant subspace isomorphic to 5''°^''^""^'^^, there 
must exist a basis vi,. . . , Vn-i such that the w/s satisfy the relations 



(a ) viivi) = - ^vi 
(A) ib')iyiiv2) = ^vi+ V2 i>2 
{c)iyi{vt) = rvt Vt>3 



(/') '^i{Vi-2) = r{Vi-2+V^-i) 

{9) ^i{vt) = rvt yt^{i,i-l,i-2} 



The relations (A) are the conjugate relations of (V) where r has been replaced 
by - i . We show that these relations force I = ^2^-7 • Let's first use (e ) with 
i = 2 to see that in vi, there are no terms in Ws^ with s > 3 and there is no term 
in ■Wi2- So, 



l"! = ^ Mlt Wit + ^ Hit Wit + ^ ^J-2t W2t + ^ H2t W2t (31) 

t=2 t=3 t=3 t=3 

To get the explicit expression for vi, it suffices now to juggle with equations 
(2) — (5). Look at the term in W12 in viivi) = vi and get 



n ^1 

riJ,i2+m "^r^'^p^j - m ^^•'"^/iij = - - 



M12 



J=3 



j=3 
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Using fxij = 



— I IJ'2j, now derive 



^12 = -^^^*"'/^* (32) 

For t> 4, we have vtivi) = rvi. By Lemma 2, it follows that p2t = r Jji2~t-Y for 
every t>A. Using these relations in (32) yields 

Mi2 = ^(r'"-'-l) (33) 

Look at the coefficient of wri in vi{v-C) = — ^ v\ and get using defining relations 
(4) and (5) 

1 

M23 = mills /"13 

r 

Replace /xis = — ^ /Sis and juiJ = —rfl^ (by (e ) with i = 2 and Lemma 2) to 
get 

Ai23 = ^ A^23 (34) 

AU the coefficients in vi are now determined by fi^. Setting fi^ = h we get 
the expression of vi given in Theorem 4: 

vi = (r2"-6 - 1) + Y.ri-^ {{W2j -rwi^) + r\w^j - rwTj)) (35) 

Once vi is known, all the v/s for 2 < i < n — 1 are recursively determined 
by the formula (/ ). At this point, it is tempting to look at the coefficient of 
wi2 in i/2(vi) = —^vi. However, the terms in j simplify and this relation 
appears to be a tautology. Thus, we cannot bjrpass involving the basis vector 
112. In fact, we show that the relations involving vi and V2 are enough to force 
a relationship between the parameters I and r. It suffices to look at the term in 
wi2 in (rf ) with i = 2. We derive 

I = ^ (36) 

Using inductively (/ ) with (35) and replacing I by its value, we obtain the for- 
mulas of Theorem 4. 

To finish proving the necessary condition of Theorem 4, we still need to deal 
with the special case n = 6. When n — 6 there are two more inequivalent irre- 
ducible representations of Hi Da) of degrees 5. The corresponding double par- 
titions are ((0), (3, 3)) and ((0), (2, 2, 2)). We show that it is impossible to have 
an irreducible 5-dimensional invariant subspace that is isomorphic to S^^^'^^'^^ 
or to 5'(o)'(2,2,2) pjj-g^- show the following lemma. 
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Lemma 3. Let n be an integer with n> 5. 

(i) If in Vn there exists an irreducible invariant subspace that is isomorphic to the 
Specht module 5'(o)'("^2,2)^ ^j^^^ ^ _ ^,3^ VV/zen n — 5, it is unique and it is spanned 
over Q{1, r) by the vectors 

V4^r (wi4 + wH) - (w24 + r'^ w^) + r{w23 +r'^W23)-r'^ {wi3 + r"^ w^) (37) 



^'5 = 95- V4 (38) 

^'1 = gs-Vi-rvi (39) 

^2 = gz-v^-rv^ (40) 

V3 = 94 ■V2- r V2 (41) 



(ii) In Vn, there does not exist any irreducible invariant subspace that is isomorphic to 
the Specht module 5(o),(2,2,i"-'')_ 

Proof of the Lemma. In [20], we found matrix representations {Pi)i<i<4 
and (Qi)i<i<4 of degree 5 for respectively S'^'^^^^ and S*'^'^-^'. This is Fact 1 
page 77 of |20|. These are matrix representations of 'Hpj.2{b). To get matrix 
representations of ^(-05), take 81 — 82^ Pi and Si ~ Pi-i (resp Ti^T2 — Qi 
and Ti = Qi-i) for each i e {3, 4, 5}. 

Let's prove (i). We will need to use the branching rule. Branching rules 
for Hecke algebras of type £>„ are stated in |[T3ll . Precisely, we use the results 
of Theorems 2.5 and 2.6 and Corollary 2.8. Jun Hu studies the decomposi- 
tions into irreducible modules of the socle of the restriction of each irreducible 
H(£'„)-representation to H(I3„-i), that is for every irreducible H(-D,i)-module 
D, he describes Soc{D i-H(_D„_i))- When we assume that 'H{Dn) is semisimple, 
the socle of a ■H(I?,i)-module is the module itself. Suppose W is an irreducible 
invariant subspace of y„ that is isomorphic to 5'(o)'("~2.2) xhen, by the branch- 
ing rule, the restriction of W to 7^(1)5) is isomorphic to a direct sum of Specht 
modules with one of the summands being S*'") The latter Specht module 
is obtained by (n — 5) successive removals of one box on the first row of the 
Ferrers diagram of the partition (n — 2, 2). Then, there exists in W a family of 
five linearly independent vectors [vi ) i<i<5 such that the action by the gk's with 
1 < A; < 5 on these vectors is given by the matrices Si's that were introduced 
above. We work with these matrices to derive the results of [i). We read on the 
matrices ^i, ^2 and S4 that 

ft(«4) = 1^4 V^e {1,2,4} (42) 
r 

These relations simplify greatly the shape of V4 and we immediately have 

Vi = Ai3 + Ai4 wll + A23 + A24 (43) 

By the same relations (42) and using Lemma 2, the hat-coefficients are all re- 
lated, and so are the non-hat coefficients. Moreover, by looking at the coeffi- 
cient of W2A in (42) with i = 1, the non-hat coefficients are related to the hat 
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coefficient by A14 = —-^ A24. In particular, all the coefficients involved in (43) 
are non-zero. Without loss of generality, we set A14 = r. Then, we have 

V4 = r Wi4 - W24 + r W2Z - w\z + [r wii - W2i + r W23 - r'^ W13) 

Up to a reordering of the terms, this is formula (37) in the statement of Lemma 
3. Once V4 is known, the vectors vi, V2,v-^ and W5 are then uniquely determined 
by the formulas (38) — (41) which follow after a glance at the matrices Si's. The 
uniqueness part when n = 5 is then established. Further, we show that I and 
r must be related in a certain way. Combining (39) and the relation i^i{vi) = 
rvi + V4, we get 

'^ii'3{v4) - r iyi{v4) = r 2/3(^4) + (1 - r'^) V4 (44) 

Look at the term in {t^ in this expression. First, we compute 

^5 

vs{vi) = r^(wi4 + r'^wu) - {w34 + wza) + y W23 + r"^ W23 

+ mr^ (wis -l-r^uJis) - r^(wi2 -l-r^SjiS) (45) 

Then we use defining relations (1), (4), (5), (6) of the representation to get 

15 4 
2 22/ \ ^ 2 ^ f 2 1 5 

r m — rm (-+r)-|- —m + mr ; — r \ rm — mr + rm — r — \ = —r 

r I r I r 

This expression simplifies to yield I = r^. This finishes the proof of point (i). 
Let's prove {ii). Suppose W is an irreducible invariant subspace of F„ that is 
isomorphic to S^^^'^^''^'^" \ Then, by the branching rule, 5^°^'^^'^'^^ is a compo- 
nent of W ) . Hence there exists linearly independent vectors vi,. . . ,V5 so 
that the actions by , . . . , 5(5 on these vectors is given by the matrices Ti , . . . , T5 
that were introduced at the beginning of the proof. We show the relations force 
vi = 0, hence a contradiction and the result. Denote the coefficients of vi by 
Xij. From 



92- Vl = -^Vi+V4 

93- V4 = Vi-^V4 



derive 



5352- + ^ 93.V1 + ^ g2.vi = (1 - ^) Vl (46) 



Notice 



r r 



2 , 1 „ ±l±iV3 
+ 1 + ^=0 <^ r= 



This is impossible when (r )^ ^ 1. So (46) implies 

Xij = for all i > 4 and all j > 5 
Now, use the same trick a second time with 

5-4-^^1 = -lvi+V4 
93. Vi = V1-I.V4 
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and derive 



Aij = for all j > 5 



We will keep making vi lighter. For now, 

n n 

Vl = X12W2 + rXl2W3 + X14W4 + ^ X2,jW^ + ^ X] '^2,jW^ 

3=3 j=i 

where we also used the relation g^.vi = rvi together with Lemma 2. Notice 
on the matrices that 

(47) 



It follows that 



92- Vl = g4-vi 



X2,j = for all j > 5 



Now Vl reduces to 

^^1 = Ai2«^ + r-Ai2tyT3 + Ai4«Ji4 + A23 W23 + A24 + r A24 

By looking at the term in wi^ in (47), we further get 

X^ = Xl~4 (48) 

And by looking at the term in uJH in (47), we get 

A24 = r A12 - m Ai4 (49) 

We show that A12 = 0. Below, we write the relations that we use and the 
relations that they imply on the coefficients. We write A^*^ for the coefficient of 
in Vi. So Ag|j is simply Xg^f We have 

V2^95-Vl 
V3= g4-V2 + l:V2 = 



Al2 — ^-^12 



Af,) = (l + r2)A« 



Vi = gi-vi + - Vl 



Ai^^ = (r+i)A« 



^^5 =55-^^4 =^ Ag = (l + r2)AW 
Next, we read on the third column of the matrix T5 that 



1 



1 



1 



95 -va 



-V1+V2 



V3 



1 

■Vi V5 



We look at the coefficient of W12 in (50) and we use {TZ). We obtain 

2(r + -) + + 4r = or A^^ = 



(50) 



(51) 
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Let's solve the equation in r. With X = ^ + r, the equation is equivalent to 

X^-X = 

From before, we know that X = lorX = — 1 are impossible, as (r^)^ would 
then be 1. Also, X = is impossible since it leads to = —1, which is ex- 
cluded. Then, we are forced to have A12 = where we forgot the index (1) to 
conform to the notations of the beginning. Now, plug back (48) and (49) into 
the expression for vi and get the newer and simpler expression 

vi = X23{W4 + W23) - mX^siw^ + rw^) (52) 

This is enough to conclude. Indeed, by looking at the terms in and W13 in 
the relation gi.vi = Qi-vi, we get the respective equations 

A23 - (1 + + m2 A^s = 
A23 - (1 + m^) A23 = 

Then, all the coefficients in vi are zero, a contradiction. Therefore, there does 
not exist any irreducible invariant subspace in 14 that is isomorphic to the 
Specht module 5**^"^'^^'^'^ ^ and point (ii) of the lemma is proven. Let's go 
back to the proof of Theorem 4. Suppose W is an irreducible 5-dimensional 
subspace of Vq that is isomorphic to S^'^^'^^'^\ Then, applying the branching 
rule yields 

Then, W is spanned over F by vectors vi,...,V5 given in equations (37) — (41) 
of point (i) of Lemma 3. A quick inspection at these vectors shows that node 
number 6 does not appear in them. However, when acting with vq on 115, one 
creates terms that end in node number 6. This is in contradiction with the fact 
that W is spanned by the w/s, 1 < i < 5. We conclude that there does not 
exist any irreducible invariant subspace of Vg that is isomorphic to S'^^^'^'^'^\ 
Suppose that there exists a 5-dimensional irreducible invariant subspace W of 
Ve that is isomorphic to S'(o)>(2,2,2) j^^q^^ 

There exists vectors ui, . . . , 175 of W such that the action by gi, . . . , 55 on these 
vectors is given by the matrices T/s, 1 < i < 5. We get the same contradiction 
as in the proof of Lemma 3 point (ii). We conclude that there does not exist 
any irreducible 5-dimensional invariant subspace of Vq that is isomorphic to 
5(0), (2,2,2)^ and so out of the four irreducible representations of T-L{Dq) of de- 
gree 5, only one of them can occiir in the Cohen-Wales space and this when 

The necessary condition of Theorem 4 is now entirely proven for n > 5. Con- 
versely, suppose I and r are related as in (36) and define vectors u/s, 1 < i < 
n — 1 as in Theorem 4. Clearly, these vectors are linearly independent and we 
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can check that they satisfy all the relations (A). Then, they span an irreducible 
{n — 1) -dimensional invariant subspace inside Vn- This ends the proof of Theo- 
rem 4 in the case when n > 5. In the case when n = 4, as seen in §3.2, there are 
four more non-isomorphic irreducible ■H(-D4)-modules of dimension 3, namely 
^(z.a)^ 5'(2,2) ^j^^ their conjugates. 



3.5 Existence of an irreducible n-dimensional invariant sub- 
space 

The object of this section is to prove Theorem 5 announced in the introduction. 
Given n > 4, our study in §3.2 shows that except when n = 5, there are exactly 
two distinct classes of irreducible ?^(D„)-modules of dimension n, namely the 
Specht module and its conjugate When n = 5, there 

are exactly four distinct classes of irreducible 'H(-D5)-modules of dimension 
5, namely the ones above and the Specht modules 5'°''*^'^'^' and 5'(o)>(2,2,i) jj^g 
latter Specht modules have been studied in the previous section. We proved in 
Lemma 3 of that section that S''"''^'^'^' may occur when I = r^, while 5*^°^'*^^'^^^^ 
can never occur. We found a matrix representation for S'^^^'^^^ and the proof of 
Theorem 5 will rely on it. We give this representation in the following theorem. 

Theorem 9. The matrices 



Hi 



-r2 + \ 
l-r2 



-r2 + 4 
1 

- — r 











4-^ 

r 

-ix r 



Ml 



r 

r 

r 

1 



r 

r 

1 -i 1 

o' r 



_1 1 _1 

r r 

10 10 

r 

r 



define an irreducible matrix representation ofH^D^) of degree 4. 

Proof. It is easy to visualize that H2, H3 and Hi satisfy the usual braid re- 
lations on nodes 2, 3, 4 and that Hf + m Hi = I for each i e {2, 3, 4}, where 
/ denotes the identity matrix of size 4. Further, we check, for instance with 
Maple, that Hf + niHi = I, H1H3H1 = H3H1H3 and that Hi commutes to 
both H2 and H4. Hence these matrices define a representation of T-L{Di) of de- 
gree 4. It remains to show that this representation is irreducible. Suppose there 
exists a one-dimensional invariant subspace spanned by tt = (ui, ua, U3, «4)*''. 
We must have HiU = ru for all i G {1,2,3,4}. Next, we used Maple to 
solve this system of equations and got u = 0. So there does not exist any 
one-dimensional invariant subspace. If we can show that there does not exist 
any irreducible 2-dimensional invariant subspace as well, then we are done by 
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using the semisimplicity of 'H(D4). Up to equivalence, there is a unique irre- 
ducible representation of T-L{Di) of degree 2 and it is defined by the matrices 

- l\ ^ fr Q 



So, there exists two non-zero linearly independent vectors vi and V2 of so 
that 

Vie{i,2,4}, ( f^^i = --r''^ 2^^^ = ^V'^ 

1^ HiV2 = Vi+rV2 H3V2 = -^V2 

Relation (★) j applied with i = 2,4 suffices to force ui = by using for instance 

the first two rows of H2, the last two rows of H4 and the fact that 7^ — 1. 

Thus, we get a contradiction. This ends the proof of Theorem 9. 

Suppose there exists in 14 an irreducible n-dimensional invariant subspace W 

that is isomorphic to Applying the branching rule (n — 4) times 

yields 

So there must exist vectors ui, ■U2, 1's, ^4 in W so that the left actions by gi, 92, 
(73 and 94 on these vectors are given by the matrices H/s of Theorem 9. The 
computations are technical. We sketch them here and leave the details to the 
reader. First we read on the matrix H3 that g^v^ = — ^ W3. Hence, a general 
form for V3 is 



^^3 = A23 ■U;23 + Al2^i^L2 X12W3 + X2jW2j ^ ^2jW^ 

j=4 j=4 



We now use Vi to get more relations between these coefficient. First, we have 
giV4 = r V4, and so X^^ = rAgs^ Second, with V4 = g2V3 — r vs, we obtain 



AoA — A24 

r 

= -^(Al2 + A23) 



and 



),(4) _ 
^^24 — 


A24 


r 


T(4) _ 
^^23 — 


— A12 


r 







So we get A24 = r(Ai2 + A23) and A24 = r A12. 
Further, use giV4 = r V4 and V4 — g2V3 — r V3 to derive 



5152 V3 = rgiV3 +rg2V3 - V3 
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Look at the coefficient in wij, j > 4 in this relation and get 

Vj > 4, X2j = -X2j 
In particular, doing j = 4 and using the relations above, we get 

Ai2 + Ai2 = — A23 (53) 
Let's use the relations above to write 

^^3 = X12W2- ^ Ai2M^L3 - (A12 + A12) W23 +r Ai2(t«24 -1^24) + Ai2(w34 - W^) 

r 

n 1 ^ 1 

+ ^■^i (^2j --W3j)-Y^ {w^j--w^j) (54) 

3=5 j=5 

We will now find more relations between these coefficients and a relation in- 
volving I. We read on the third column of H4 that 

/I 1 \ 1/1 1 \ /I 1 \ /I 1 \ 

+ ;s)54^^3 = -- 54(^ + ^)t^2 + + ^)^^2 + (- + ^ia) ^3, (55) 

where we multiplied both sides by ^ + ^ and where we used that vi = 54^2 • 
Further, we read on the third column of Hi that 

/ 1 1 N 1 / 1 X 

i:^ + = -^92V3 + {r- ^)V3 - giV3, (56) 

where we used that V4, = g2Vs — r V3. Plugging (56) into (55) and simplifying 
now yields the following equation in V3. 

+ l)fl'4?'3 = ^fl'4ff2W3 + ^ g49lV3 - ^52^3 - QlVs + (r + ^)V3 (57) 

By looking at the coefficient in ■W24 in (57), we obtain the relation 

- Ar2 + ^Ai2 = mJ2 (58) 

We will use this expression of the sum on the right hand side to derive a relation 
involving A12, A12 and I. It suffices to look at the term in ^23 in 53113 = —^vs. 
We get, where we used (53) and (54), 

^-^I + ^ + = E A2,r-«(r - ]) - m a72(1 - ^) (59) 

Replacing A23 as in (53) and replacing the sum of (59) as in (58), we then obtain 

ZrAi2 = -Ar2 (60) 

Note we can already conclude in the case n = 4. Indeed, in that case it follows 
from (58) that — A12 + A12 = and so we get Z = — ^ by using (60). To solve 
the general case, we introduce a few notations. 
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Claim 2. 



(i) There exists a unique A-uple of scalars (ryi, ?72, r]i) such that the action by gi, 
92, 53/ QiOn X = g^vs + rjiVi + 7/2^2 + 113V3 + rj^Vi is a multiplication by r. 

(ii) For each integer k > 6, there exists a unique A-uple of scalars {'ri\-,rj2-,'ri^-,rjX) 
such that the action by gi, 52, 53/ 94 on Xk = gkVa + ViVi + ?72^2 + ??3t^3 + ??4^^4 is 
a multiplication by r. 

Proof. Immediate with (*) 

Before we go further, we will need to have a better knowledge of V4, V2 and 
vi. We compute Vi with the relation Vi = g2V3 — r V3 and we get 



^Ai2 + mr A12 - m ^ X2jr^ - to (A12 + A12) i 'W12 



j=5 

M2{W24 - W24) + r Ai2(wi4 - Wli) + - Al2(W23 " W23) + Ai2(S^ - W13) 



n 1 ^ 

+ ^'^i - - ^ •^2j {W2j - w^j) (61) 

j=5 j=5 

Next, V2 is given by formula (56). In what follows, a term carries a star if it is 
multiplied by a factor + So we have by (56), 

V2 = -9lV3 + - ^ - -)V3 - ^Vi 

We will study the coefficients of w\^j and W2,j for j > 4 in and show that 
these coefficients are all zero. Going back to the expression of 113 in (54), we 
see that the coefficient of wij in — ^i^^s is (1 + ?r)A2j = ^A2j. This coefficient 
cancels with the coefficient —^\2j of wij in —^v^. Similarly, the coefficient of 
in — .9ii'4 is — (m + r)Ai2 = —\.^i2, which cancels to ^Ai2, the coefficient 
of Wli in (r — p- — ^) W3 — ^^ij W4- When j > 5, the coefficient of W2j in v*2 is 
(f - r) A2j + (r - ^ - i) A2j + X2j, that is zero. And the coefficient of w;24 
in V2 is —mr A12 — (r — ^ — ^)rAi2 — ;^Ai2, that is zero. Since vi = giV2, there 
are obviously no terms in wij or W2j for j > 5 in wi either. We are now in a 
position to use the claim. First, by point (ii) of Claim 2, we have for any > 6 

g2Xk = rXk (62) 

Look at the coefficient of the term in W2,k- 1 in (62). Using the discussion above, 
it comes 

k 

/ \ k \ ^4 \ \ \ k \ \ k \ k 

r{X2k+'n3 A2,fe-i- — A2,fe-i) = -mA2,fc-m?73 A2,fe-i+A2,fc-i?74 + — A2,fc-i774, 
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from which we derive 

A2,fc = A2,fc_i((r+ J)r?f-7?^) (63) 

Look now at the coefficient of the term in in the same equation (62). In 
order to get the coefficient on the left hand side, we must in particiilar look at 
the coefficient in W2i in 34 W2, so using the discussion above, we must look at 
the coefficient in W23 in V2, as there is no term in UI24 in V2- Up to a division by 
a factor ^ + ^, this coefficient is 

^ , " ^ ^ 

-(m(Ai2+Ai2)-- Ai2+mAi2-m ^ A2jr''~^)-(r--3 --)(Ai2+Ai2)-^(- A12) 

After replacing the sum as in (58), all the terms simplify nicely and yield 

+ — )Ai2 



Further the coefficient of the term in ^14 in g4V2 is given by the coefficient of 
the term in W13 in V2- Up to a division by a factor ^ + ^, this coefficient is 

A12 A12 + m>r^ ^A2j + — 

By using again (58) and simplifying, this coefficient is simply 

+ — |Ai2 



So, the coefficients of the term in wn in r]![ g2 f 1 and inrrjiVi respectively can- 
cel each other. We thus obtain 

-r^ )^2-r)^2V3+ >^2 r]\ = -r^ aTs ?74 

Equivalently 

((1 + r^) r?^ - r 4) \^2 = (64) 
Assume for now that A12 is nonzero. Then we get after dividing also by r, 

Vfc>6, (r+ J)7?^-j?*=r (65) 

and so by (63), 

V/c > 6, A2fe = r \2,k-i (66) 

We derive now from (58) 

-Ar2 + ^ A12 = TOA25 

j=5 
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And after evaluating the sum, it comes 

1 - (\ 
r 



Ai2 + Ai2 = ( - r^"-^^ ) A25 (67) 



To get more relations between the coefficients, we use point (i) of Claim 2. 
First, we look at the coefficient of the term in W25 = r X. We get after 

simplifications, 

r A24 - mr A12 = A25 ( — - — + (1 + ^)V4 



r r r 



Recall from earlier that A24 = — A24 = — r A12 (see page 34 of the present paper). 
Hence, we get 

-Ar2 = A25(^^-l-^ + (l + ^)r/4) (68) 

In particular, since we assumed that A12 is non-zero, it follows that A25 is also 
non-zero. Further, look at the coefficient of the term in wie still in = r X 
and derive after using (66) with A; = 6 and simplifying by A25 

r/4 = 1 (69) 

Furthermore, look at the coefficient of the term in ^25 this time in the same 
equation g2X = rX. After simplifying and using (69), we get 

r/3 = - (70) 

r 

Plugging (69) and (70) in (68) now yields 

A25 = -r' aTs (71) 
Next, by plugging (71) into (67), we obtain 

A12 = r2"-6 A?2 (72) 
Combining (60) and (72), we derive immediately 

1 = -^ 



This is the value annovmced in Theorem 5. It remains to show that our assump- 
tion that A12 indeed holds. If A12 = 0, equation (60) implies that A12 = 0. 
Then many terms in ^3 and in Vi vanish. Further, by (68), we get A25 = or 
Vs — {'''+ I) = r ~ Suppose the second equality holds. Looking at the 
coefficient of the term in W2j, j > 6 in g2X = rX yields 

A2i(l + ^-(l+^)^4)=0, 
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and so ^ \2j = 0. Then, = for all j > 6. Next, look at the coefficient of 
the term in wie in 

g2Xe = rXe (73) 

where we used the notations of Claim 2. Since A26 = 0, we simply get A25 = 0. 
But then is zero, and this is a contradiction. So looking back up, we must in 
fact have A25 = 0. We show this implies inductively that all the A2j's, j > 6 are 
zero. Let fc > 6 and suppose that A2,fe-i = 0. Let's show that A2,fc = then. It 
suffices to look at the coefficient of wi^k in 

92 Xk = rXk 

Get ^ 

-m A2fe + m ^2k »?4 A2fe = r ri4,X2k, 

r 

which after simplification rewrites 

(m + (r + ^) r]4 - m) >^2k = (74) 

As we have seen that t?3 — (r + 774 ^ m, this forces \2k = 0, as announced. 
The fact that all the X2k, k > 5 are zero is again a contradiction. So our initial 
assumption A12 = is not possible. A consequence also is that without loss 
of generality, A12 can be set to 1. Then A12 is uniquely determined by (60). 
And A25 is uniquely determined by (71). In turn, the A2fc's, fc > 6 are uniquely 
determined by (66). Thus, is uniquely determined. And so is V4. Then, 
112 is uniquely determined by (56) and vi is in turn completely determined by 
vi = giV2. And so we have the following intermediate result. 

Result 1. If in the Cohen-Wales space Vn, there exists an irreducible invariant sub- 
space that is isomorphic to S'^^^'^"^^^, then I = — ^2,^-5 and there exists in Vn a unique 
irreducible %{D4^)-module that is isomorphic to 5'(^^'(^). 

To finish the proof of Theorem 5 stated in the introduction, it remains to 
show that the Specht module 5'^^^'^^" cannot occur in the Cohen-Wales space. 
Suppose it does, and let W be an irreducible invariant subspace of Vn that is 
isomorphic to S'f^^'^^" \ Then, 

W|H(D.)^(n-4)5W'(i*)e5«'(i^) 

We show that it is impossible to have vectors j/i , 2/2 , J/a 7 Va such that the matrices 
of the left actions by the ^fc's with k G {1, 2, 3, 4} on these vectors is given by 
the matrices Hi's above, where r has been replaced by — Let's caU these 
conjugate matrices the Ki's. First, the set of relations 

f 52^1 = -Ivi 
\ 532/1 = -Ivi 
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forces without loss of generality 

yi =Wi3~- W23 - r Wi2 (75) 

r 

From there, it is very easy to conclude. Indeed, j/2 is given by the first column 
of K4_, then is provided by the second column of A'3 and finally 1/4 is given 
by third column of K2. Since an action by the 5/s with i = 2, 3, 4 on "non-hat 
terms" will never create a "hat term" by defining equations (8), (9), (11), (14), 
(15), (16) of the representation, we see with (75) that the y/s do not contain any 
hats. However, an action by gi on yi creates a term in with coefficient 1. So 
giyi cannot be a linear combination of 2/1, ?y2- Ih arid T/4. This is a contradiction. 
Hence we are done with the complete proof of Theorem 5, points (z) and (ii). 



3.6 Proof of the Main Theorem 
3.6.1 Proof of the necessary condition 

In this part, we assume that T/^.r^ {n) and %{Dn) are semisrmple and we show 
that if is reducible, then / e {ptk^, ^2^-7 , - ^2^-5 , t'^, -r^, We solve 
the small cases n e {4, 5, 6, 7, 8, 9} by computer means when n G {4, 5, 6, 7} 
and by hand when n e {8, 9}. We explain them later. For now suppose the 
necessary condition above holds in these cases and fix n > 10. We proceed 
by induction. We assume that the necessary condition above holds at ranks 
n — 2 and n — 1 and show it then holds at rank n. Suppose u^"'^ is reducible 
and let W be an irreducible proper invariant subspace of V„. Suppose I ^ 
{ ^4^,7 , ^2^-7 ,- ^2^-5 }• Then, by Theorems 3, 4, 5 and Theorem 8, point (i), we 
must have 

J. ... ^ n(n - 3) 
dim(W) > — - 

When n > 10, we claim that the dimension of W is large enough so that the 

intersection spaces W n Vn-2 and W n 14_i are nonzero. Indeed, if W ® Vn^2, 
then it comes dim(yv) < dim(14,) - dim{Vn-2) = 4n - 6. And if W ® Vn-i, 
then it comes dim(W) < dim(y„) - dim(y„_i) = 2n - 2. But 

n(n — 3) , „ , n(n — 3) „ „ 

-^-^ — - > 4n - 6 <^ n > 10 and -^^ — - > 2n - 2 <^ n>7 

So when n > 10, both intersections are nonzero. Moreover, both intersections 

are proper, because if W contains 14_i or Vn-2^ then it is quite easy to see 
on the representation that W would be the whole space Vn- From there, we get 
that both and g^j-g reducible, so applying the induction hypothesis 

yields 

( I r 1 1 1 ^3 _».3 \\ 

'' ~ \ j.4n-ll , j,2n-9 , j.2ra-7 , ' ; ' 1 r i 
< & 

7 p 1 ^ r-3 _^3 1\ 

^ \ j.4n-16 , ^2n-ll , j.2n-9 , ' , ' 'yj 
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With our restrictions on r, we see that I must then belong to the set of values 
{r^, — r^, This finishes the proof in the general case. 

Let's now deal with the case n = 9, still assuming the result holds for the 
smaller values of n. Suppose i/^^^ is reducible and let W be an irreducible in- 
variant subspace of Vg. Using part §3.2, the degrees less than 72 of the irreps of 
niDg) are 

1,8,9,27,28,36,42,48,56,63,70 

If ^ ^ -^}/ then by Theorems 3,4, 5 we must have dim(>V) > 27. 

First, if dim(W) > 36 > 2(18 - 3) = 30, then WnVj ^ {0} and the general 
technique applies. Hence suppose dim(W) e {27, 28}. Define Wg = W n Vg. 
We have 

dim(W8) > dim(W) + dim(V8) - dim(y9) 

So, if dim(W) = 27, we get dim(W8) > 11 and if dim(W) = 28, we get 
dim(W8) > 12. In any case, if Ws is irreducible, we must have dimCKVs) > 14 
by Theorem 8, point (in). Assume first that Ws is reducible. If dim(H'8) > 
14 = 2(8 — 1), then u^"^^ is reducible. Then both v^^^ and v^"^^ are reducible and 
we conclude like in the general case. So, suppose dim(W8) = 14. Then notice 
Ws ®Vt = Vs by an inspection on the dimensions. In particular, there exists 
elements zi e Wg and Z2 e VV such that 

WtS = Zi + Z2 

It then comes 

WS9 = eg . ■^78 = Bq.Zi , 

as the tangle resulting from an action by eg on any basis vector of V7 contains 
two horizontal strands at the bottom: one joining nodes 6 and 7, the other one 
joining nodes 8 and 9. By construction of the representation, such an element 
is zero. Now, zi belongs to W. So, eg . zi belongs to W. Then, ^89 belongs to 
W. This implies that W is the whole space Vg, a contradiction. 
Suppose now Ws is reducible. By the semisimplicity assumption for T-L{Ds), 
the fact that dun(W8) > 11 and the imiqueness part in Theorem 3, we must 
again have dim(>V8) > 14. So this case reduces to the previous case. This ends 
the case n = 9. 

Let's now deal with the cases n E {4, 5, 6}. Suppose is reducible and 
let W be such a proper invariant subspace of Vn. By Proposition 1 of §3.1, we 
know that 

Cfe.W = VI < fc < n (76) 
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Definition 1. We define algebra elements that are some conjugates of the ek's. 

Ci^i+i = ej+i VI < j < n - 1 

J = Ci+i fif*+2,j VI < i < j < n with j >i + 2 

Ci2 = ei 

= 5j,3 ei 53 J V3 < j <n 

Ci,j = gi,2 gj,3 ei 53,j 92,i V2 < i < j < n 

By 5s_t (resp g*j.), we understand the product of the gk's (resp the g^^s), where k lies 
on the integer path from s up or down to t. 




n 
n 



= c 



IJ 



Definition 2. Define 



S{n)= ^^^+ E 

l<i<j<n l<i<j<n 



Definition 3. Define 

K{n) = (^r^i<i<j<n feri/("HCij)) n (^ni<i<j<„ Kerv^-^Xc^j) 
and let k{n) he the dimension of K{n) as a vector space over Q(Z, r). 
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After this series of definitions, we are back to the proof of the necessary condi- 
tion. Equalities (76) and the fact that W is invariant imply that the left action 
by S{n) on W is trivial. Then, since W 7^ {0}, the determinant of this action 
must be zero. Using the tangles, we computed the matrix of the left action by 
S{n) in the basis formed by the Wi/s and the wl/s. Note each row of this ma- 
trix corresponds to the action of one of the Ci/s or Ci/s. In particular, ordering 
the vectors of the basis in such a way that the 2(n — 1) last vectors of this basis 
have an extremity ending in n allows us to only have to compute 4{n — 1)^ 
entries and not n?{n — 1)^ after rank 4. For rt = 4, the matrix is of size 12, when 
n = 5 of size 20 and when n = 6 of size 30. We used Mathematica to solve the 
determinant of this matrix equals zero. We obtained the values of Theorem 2 
point (z) in each of the cases n — 4,5, 6. When n = 7, the number of entries is 
unreasonably big to do it by hand. Thus, we wrote a program in Mathematica 
that computes the sum matrix. All the matrices in that program are defined by 
blocks and inductively. When running the program, we obtained 



detS'(7) = 



(-1 + lrf\l - r3)i4(/ + r3)35(_i + lr'^f(^i + {-1 + Ir^^) 



IA2 ,.105 
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So, if is reducible, then 



11 1 „ o 1 

. y-.'J _y-<'-' 



(*) 



We get the values of Theorem 2 point (z) for n = 7. This terminates the case 
n = 7. 

Let's finish all the cases by doing n = 8. Suppose j^*^*^ is reducible and let 
W be an irreducible invariant subspace of Vg. By the discussion of §3.2 of this 
paper and Appendix B of |20|, the degrees of the irreps of H{Dg,) that are less 
than 56 are 

1,7,8,14,20,21,28,35,42,48 

Suppose ^ ^ { ;35 , , - ;tt }■ Let's show that I <E {l,r^,-r^} then. By Theorems 
3,4,5,wehavedim(yV) > 14. Further, we have2(2x8-3) = 26, so if dim(W) > 
28, then the general technique applies. 

- Hence suppose dim(yy) = 21 and so W is isomorphic to ^j. ^^.g 

conjugate 5^°^'^^'^"^. Then, 

Now look at W n VV. We have 

dim(yv n ^7) > 21 + 42 - 56 = 7 

So W n cannot be isomorphic to S'^o^'^^a) 5(0), (2,1'), Further, W n V7 
is not W either, as otherwise W would be the whole space Vs. Then W n V7 
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must be isomorphic to S'(°)'(5^i'i) or to any case, the dimension of 

W n Vy is 15. Moreover, since W H V7 is a proper invariant subspace of Vr, it is 
annihilated by all the C^'s with 1 < i < j < 7. Hence we have W n VV C K{7), 
and so fc(7) > 15. 

Lemma 4. 

k{n) = ri^ - n -rank{S{n)) Vn > 4 

Proof of the lemma. Obvious by the remark above that each row of the 
matrix of the left action by S(n) on the basis vectors WiJ's, I < i < j < n 
corresponds to the action of one of the Q j 's, as the kernel of the sum matrix is 
then K{n). 

We computed the rank of S{7) with Mathematica for the different values of I 
and r present in (^). Here is what we got. 



When 


/ - J_ 


k{7) 


= 1 


When 




k{7) 


= 6 


When 




k{7) 


= 7 


When 


I = r^, 


k{7)-- 


= 14 


When 


1 = ^, 

r ' 


k{7)-- 


= 21 


When 




k{7)-- 


= 35 



So, if k{7) > 15, this forces I e H, -r^}. 

- Suppose now dim(yv) = 20. By the discussion of § 3.2 and the table of Ap- 
pendix B of |20|, the only classes of irreducible 'H(£'8)-rriodules of dimension 

20 are S'(o)'(6.2) g{o},{2\i'') _ -j^g^^ ^y Lemma 3, we get W ~ 5'(")^(6.2) and 

- Suppose finally dim(W) = 14. Then W ~ S'(o)'(4.4) or W ~ 5(o).(2,2.2,2)_ 

. If W ~ 5(o).(4.4)^ then W 5(o)'(4.3) and i^^^^^- 5(o).(3,3) 

5>(o),(4,2)_ jj.^gn the Specht module S^°^'^-^'^^ is a constituent of W inin,)- 
Then, the proof of point (i) of Lemma 3 shows that / must be equal to r^. 

. If W ~ then W in(Dr)- and so W iniD,)- ® 

5^(0), (2,2, 1,1), Then the Specht module S'(°)'(2.2a) isaconstituentofW 1^^(15,). 
The proof of point (m) of Lemma 3 shows that this cannot happen. 

So, we are done with the proof of the necessary condition. 
3.6.2 Proof of the sufficient condition 

The reducibility of is already known when / = by Theorem 3 and 

when I = ^2^-7 by Theorem 4. Thus, it remains to show that the representation 
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is reducible when I G {— ^2^-5 , r^, — r'^, i}. First when I = \, we read on the 
representation that the vectors t^ 's of Theorem 7 span an -dimensional 
invariant subspace of Vn and so the representation is reducible in this case as 
well. When I G {r^, — r^, — ^2»-5 }/ we need a lemma to show the reducibility of 
the representation. 

Lemma 5. Let n he an integer with n > 4. The vector space K{n) is a CQW{Dn)- 
submodule ofVn- 

Proof of the Lemma. We want to show that 

X G ni<j<j<„ Ker Cij =^ g^x G ni<j<j<„ Ker Cij \/l < k < n 

Let X G K{n). We proceed in four steps. Step 1 and Step 2 are almost identical. 
Step 3 uses Step 2 and Step 4 uses Step 1 and Step 3. 

- Step 1. We show that QkX € ni<i<j<„ Ker Cij for every integer k with 2 < 
k < n. Fix integers i and j with I < i < j < n and j > i + 2. Let's show that 

CyfffcX = 0. 

First, it k € {i,i + j + 1}, acting to the right of with gk shifts one of the 
extremities of the bottom horizontal strand (use the Kauffman skein relation 
when necessary) and the result follows. When j = i + 1, use the delooping 
relation for the "middle case". 

Next, iii + 2<k<j~l, use Reidemeister's move m twice to notice that 

Ctjgk = gkCij, and so CijgkX = 0. 

Finally, when k<i — 1 or k>j + 2, the elements Cij and gk also commute, 
which gives the result in this case as well. 

- Step 2. We show that gkX G ni<i<j<„ Ker Cij for all k with 2 < k < n. This 
case is identical as Step 1, except Reidemeister's move III must also be used 
twice when k < i — 1 and when j = i + 1, we use 

Ci,i+i gi+i X = 5^^ S+ CiA+i X, 

after moving the crossing near the pole thanks to Reidemeister's move III. 

- Step 3. We show that 51a; G ni<i<j<„ Ker Cij. Because g\ commutes to Cij 
when i > 3, we only need to show that C2,jgix = and Cijgix = 0. But, 

C2,jgi = 9igi^C2jgi = giCij, 

where the second equality follows from an application of the double twist re- 
lation, as in Figure 3. The second one is more difficult and requires careful 
manipulations on the tangles. Proceed as follows. Multiply the top of Cij by 
91 gf^. Use the commuting relation at the top and at the bottom, as on Figure 4. 
Then use the double twist relation and get all together gi times a tangle that is 
almost C2j, except the top horizontal strand and the bottom horizontal strand 
both under-cross the vertical strand that they first intersect when sliding along 
the strands from the left hand side extremities. Now, it suffices to multiply at 
the top by 32 and at the bottom by to get Ci j instead. So, we have 

gigT^Cijgix = gi{g2^Cijg2)x 



43 



But by Step 2, we have Cij g2X = 0, so we are done. 




1 » 2 



1 2^r7^, 






1 2 



Figure 3 



Figure 4 



- Step 4. We show that gix G ni<i<j<„ Ker Cij. First, we deal with Cij and 
C2j. With the Kauffman skein relation, it suffices to show that Cijg^^x = 
and C2jgi^x = 0. We have 

Cijg^^x = g^^giCijg^^x = g'^^ChjX = 
C2jgi^x = g^^g2C2jg2^x = 

Equality 1 is obtained by using in the respective order, simultaneously at the 
top and at the bottom the double twist relation followed by a Reidemeister's 
move n, then the double twist relation again. 

For equality 2, multiply to the left by g^^gi, use the commuting relation at the 
top and at the bottom, followed by the double twist relation and a Reidemeis- 
ter's move II. Get g^^ times the tangle of Figure 5 below. The latter tangle is 

92Cijg2^ , hence equality 2. 

Equality 3 is obtained by using the Kauffman skein relation and Step 1. 

It remains to show that C'ijgix = when 3 < i < j < n, or which is equivalent 

Cijgi^x = 0. We chose to do it algebraically. When i > 4, we have 
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We compute C3 j ^. We have, where the parenthesis point out where the next 



transformations take place. 

Cs.iSr^ = 93 92 g],3eiglj 92^(93^91^93^)93 (77) 

= 93 92gj,3eiglj(g2^gi'^)g3'^gi^g3 (78) 

= 93g2(gjAe3glj)g2^93^9i^ (79) 

= 93g2C2A92')93'9i' (80) 



= 53ff2C2jg253 ^9i ^+"^g3ff2C2Jg3 ^g^ ^-mg3g2C2.je2g3 ^(81) 

Equality (78) is obtained by using the braid relation. To get (79), commute g^^ 
to the right of g^^, add a factor gi^f ^ in between ei and g^^, use the braid 
relation with nodes 1 and 3 and use the first delooping relation (DL). Now 
derive from the first equality in (6) of Proposition 2.3 of [5J that 

ei93^gi^ = 93^9T^e3 (82) 

Further cancel the product gsg^^ to the left of 63 and cancel the same product 
to the right of 63 after replacing 63 with / 6353. Commute g^^ to the right hand 
side and use the braid relation with nodes 1 and 3. Cancel the product 93^93 
of the extreme left. Get (79). 

Equality (81) is obtained by applying the Kauffman skein relation. We study 
the three terms of this sum separately. Let's call them a, b and c. We have 

a = g3glCijg3^g^^ = g3glg3^Cijg^^ 

Now the fact that a annihilates x follows from Step 3. Further, we have 

b = ™g35253"^C'3j.gj7^ = ■>n9392g3^9i^C!3^j 
and so b also annihilates x. Finally, we have 

c = -rng352C2j53'^53e2535r^ = -mg3g2C2jg3^Ci3g^^ 

and again the fact that c annihilates x follows from Step 3. 
This settles Lemma 5. The goal next is to show that this submodule of Ki is non- 
zero when I G { — 2h^,r^, —r^}- The results are summarized in the following 
Theorem. 

Theorem 10. (Reducibility of the representation v'-^^ when I e {r"^, —r^, — ^2,1-5 })■ 

(i) When I = r^, the vector X = (71124 + W24) — t{w\^ + r^w^X) — r {W23 + 

W23) + (wi3 + r^wis) belongs to K{n)for all n> 4. 
(it) When I = —r^, the vector y = W34 — ^ W35 + ^w^^ belongs to K{n) for all 
n > 5. The vector Z = r^w^ — r'^w^ + W23 belongs to K(4). 
(in) When I = — ^2l~5 , the vector 

Jn = (m~2 + r'""' U.12) --(m~3 + r'""' W13) - (1 + r^"-*^) W23 

r 

n 

+ r J2^'~^{(^3j-w^j) -r(w2^j -w^j)} 

j=4 
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belongs to K{n)for all n > 4. 

Note X is up to a sign the vector Vi of Lemma 3 in § 3.4. Also, y is the vector vi 
of expression (29) of § 3.4. As for Z it was found with Mathematica. Finally, Jn 
is the vector vs of expression (54) of § 3.5, where A12 has been set to the value 1 
and where the other coefficients are given by (66), (71) and (72). 





Figure 5 

To prove Theorem 10, we will make an extensive use of the following proposi- 
tion that provides the action by the Cij on the basis vectors of the Cohen- Wales 
space. 

Proposition 2. The following equalities hold. 



Cij . Wi—s^'^ 



Cij.Wi- 



Cij • Wi—g^i 



Cij.Wi- 



1 


rO' 


-i) + {s 

1 


-2) 


rU 


-i) + (s 

I 


-2) 


rU 


1 


-3) 



Wij 


LONHNHj. 


Wij 


LONHHj_i^ 


1) 


LOHNHj_i^ 


1) 


LOHHj-ia 
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Cij ' ,j — s 



Cij • 



1 


LINHNH^^, 


1 

rs-2 ""ij 


LINHHs 






1 _ 


LIHNHs 




{l-lr){l + r')wij INHHi^t- 



, = IHNH 
, = IHH 

m /I l\ 




rS+t-2 

m (\ 1 



m 



Wij LCNHHi^s+t 



„t+s-2 



[r - I) VHj LCHNHi,t+, 



Cij.w~Lt = ^t]^_2 - ^ j wTj LCHHi^t+s 

In this proposition, the capital letters stand for the following words. 
L: left; I: inside; H: hat; NH: non hat; E: extreme; O: outside; C: crossed. 

All these equalities were obained by using the tangles. For now assume that 
they hold and let's prove the Theorem. Let's deal with (i). The program of 
the Appendix provides what we called the sum matrix. Running it for n = 4 
and for n = 5, we can check that these matrices both annihilate X and so 
X lies in the intersection i^(4) n K{5). For larger n, we proceed by induc- 
tion. Let n > 6 and suppose that X e K{n — 1). We must study the action 
by Ci .,, on the vectors w]^, w^, tFJJ and w^. First, when 5 < k < n — 1, 
the action by Ck,n on these vectors is zero. We next deal with the actions by 
Ci,„, C2,n, Cz,n and C4_„. We see with the second set of formulas above that 
Ci.n{—r{wii + W14) + r^(wi3 + wii)) = and this independently from the 
values of / and r. Moreover, the first equality of the third set above implies that 
Ci,„. (r2 5^ - w^) = 0. And so, Ci,„. X = 0. Also, by IHNH and IHH, we 

have Ci,„.(w24 + r'^W24, — r{w23 + r^Sii)) = 0. Hence, Ci,„. = 0. For the 
action by C2,„, notice that 



C2,n — <72Cl,n52 

1 „ 

and g2-X = — X when/ = r 
r 
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Hence C2^n-X = by the previous case. By the first set of relations above, the 
action by C^^n on the linear combination of the vectors ending in node 3 in A* 
is zero. And by the last set of relations above, the action by C3,„ on the rest 
of X is also zero. Hence C3^„. X = 0. This also implies that C4_„. X = after 
noticing that 

and Qi.X = —-X 
r 

To finish, we compute Ck,n - [r"^ W2i — wu — + w^), when 5 < k < n 

and we use the last relation of the third set of relations above. The coefficient 
is given by 

ELOHHn-k,2k-6 — ELOHHn-k,2k-5 

- ELOHHn-k,2k-h + ELOHHn-k,2k-A 
and we see that it is indeed zero. 

Let's deal with {ii). First the fact that Z belongs to K{A) can be achieved with 
Mathematica. Likewise, we check that y belongs to K{b). Then, it remains to 
check that for all j > 6, the algebra elements C\j, C2J, C^j, C4J and C^j all 
annihilate the vector 3^. For Ci.j and C2J, it follows from IHNH. For Csj and 
C3J we also use the first and the last equations of the second set respectively. 
As for C5J and C5J, we use the first and the third relations of the first set 
respectively. Finally, we have using the tables 

[C4j-y]w4,j = :^(^3^j-6j - - ;:3 ~ + = ^ 



C4j.y 



1 / 1 \ m 



^3 



ir + n--T^ = 



Let's prove [iii). Look at the action of the Cg/s on Jn- First, when s > 4, we 
cut the sum term in into three parts: a sum from 4 to s — 1, a term with the 
vectors ending in node s and a sum from s + 1 to n. For the first part, we see 
with ELOHH that the action is zero. For the middle part, we see with the LO 
set that the action is zero. The last part however reqiiires more computations 
with the tangles. These are left to the reader. It remains to check that the actions 
by Ci_fc, C2,fe, Cs^k on Jn are zero. Notice that 

Cs.fe = g3C'2,k9s^ 

gzJn = --Jn when I = ^ 



2n-5 



Hence it suffices to study the actions by Ci^fc and C2,fc. This is left to the reader. 
This finishes the proof of Theorem 2 point (i). We now give an example of 
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how to compute the tangles of the table above. We show below how ELOHH 
is computed. We want to compute CijVJiZ^-t. 



i-s i-t j 

I I I I I I I y 




n-1 n 



Use Reidemeister 's move of t5^e 3 to move the bottom horizontal strand of the 
upper tangle close to the pole as on the following picture. Multiply the bottom 
of the tangle sucessively by the products gi-2 ... 53 and gj-2 ... 5(4 at the cost of 
divisions by r'~^ and r^~^ respectively. We must evaluate 




1 2 3 



n-1 n 
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where we omitted the top horizontal strand. Apply the coinmuting relation in 
the upper left region of the figure and get 




12 3 n-1 n 

Use the Kauffman skein relation twice, then use a Reidemeister move of type 2 
twice, multiply at the bottom by gi at the cost of a division by r and get a tangle 
that is zero. It remains to compute the four terms arising from the two uses of 
the Kauffman skein relation. When transforming the under-crossing into an 
over-crossing on the upper left hand comer of the picture, one must add two 
terms. The first term contains a loop around the pole that can be "delooped" 
at the cost of a factor i. It is then possible to apply the double twist relation. 
We hence obtain a vertical strand joining nodes z — i at the top and 2 at the 
bottom. We also obtain a loop that can be suppressed at the cost of a factor 
j. The resulting strand is vertical and joins nodes i — s at the top and 3 at the 
bottom. Use the sequence of Reidemeister moves R3, R2, R2. Multiply at the 
bottom by ^3 at the cost of a division by r. This clarifies the first term. 
When dealing with the second term, use a Reidemeister move of t5^e 3 and get 
a loop around the pole. Suppress it at the cost of a factor r. Further multiply 
at the bottom by gi at the cost of a factor ^ and apply the double twist relation 
twice, with a Reidemeister move of type 2 in between the two moves. Multiply 
at the bottom by g3g2 at the cost of a division by and use a Reidemeister 
move of type 2 twice. Use a Reidemeister move of type 3. Multiply at the 
bottom by g^ ^ at the cost of a multiplication by r and use a Reidemeister move 
of t5rpe 2. Multiply at the bottom by g^^ at the cost of a multiplication by r, 
use the double twist relation and a Reidemeister move of type 2. Multiply at 
the bottom by g^^ at the cost of a multiplication by r. Up to the coefficient, get 
the same tangle as the one obtained after processing the first term. Gathering 
all the moves that we did, we must now compute the expression of Figure 6, 
where we omitted the parts of the pictures that are not of direct interest. 
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1 i-s i-t 




1 2 3 



Figure 6 

There is very little work that remains to be done on the second tangle of Figure 
6. We must still straighten the vertical strands. To that aim, multiply at the 
bottom sucessively by the products g^^g^^ ■ ■ . 



and 



.93 



■■9^- 



at the cost 



of multiplications by , 



' and 



respectively. 



Finally, there are two more terms to compute. These arise from the first tangle 
of Figure 6 when we apply the Kauffman skein relation for the second time. In 
the first term, there is a factor j arising from a loop. For the rest, after applying 
the adequate moves, we get the same tangle as the one to the right. As for the 
second term, there is a bit more work to be done. In what follows, we use the 
abbreviation DT for double twist. The first step is to do a Reidemeister move 
of type 3. This then allows us to apply the commuting relation. Multiply at 
the bottom by g2^ at the cost of a multiplication by r, use R2, mutiply at the 
bottom by gi at the cost of a division by r, do the sequence of moves DT, R2, 
DT, multiply at the bottom by g^g2 and in order to do so, divide by r^, multiply 
at the bottom by ^ and in order to do so multiply by r, use DT, then R2. After 
doing all these moves, we get the tangle to the right of the picture. The total is 



m r 



2i-t-s-5 



One should not forget the factor ,^i+j-a from the beginning. All together, it 
yields the coefficient of Proposition 2. 

We end this section by showing that as a representation of the Artin group, 
the representation is equivalent to the Cohen-Wales representation. Then, 
with the change of parameters announced at the end of Theorem 1, the point 
(z) of Theorem 2 implies the Main Theorem. In ||5l, the authors built all the in- 
equivalent irreducible representations of the quotient of ideals I = C„eiC„ / < 
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CneiCjCn >ii^2' where C„ denotes the CGW algebra of type £)„. Only two of 
them have degree the number of positive roots of a root system of type D„, 
which is also the degree of z/^"^. By construction and by Theorem 2, point (i), 
the representation is an irreducible representation of T. Then, it must be 
equivalent to the representation of |5|. Our r is the ^ of |5|. Further, as a repre- 
sentation of the Artrn group, the represenation of fSl is itself equivalent to the 
representation of |4|, the one that was used to show the linearity of the Artin 
group. The change of parameters is given in the introduction of [5J right before 
Theorem 1.1. 

4 End of the proofs of the Theorems 

In this last section, we complete the proofs of Theorem 6 and Theorem 7. These 
theorems provide of course important informations about the structure of the 
Cohen- Wales representation of type £>„ and are extensively used in f24]. In 
Theorem 6, we must still show that S''"-'''^"'''^^ and its conjugate, both of dimen- 
sions 14 cannot occur inside Vy. In Theorem 7, we must still show that the 
submodule of Vn spanned by the "■^'^^^'> vectors tij's is irreducible. The latter 
point uses the first point. We show the following results. 

Proposition 3. The Specht modules 5(o)'(4.3) and its conjugate S'(o)'(2'^,i) don't occur 
in the Cohen-Wales space V7. 

Proposition 4. Proposition 3 and Lemma 3 imply Theorem 6. 

Proof. By § 3.2, when n > 6, the only irreducible ■H(I?„)-modules of degree 
are S'(o)^("-2,2) conjugate 5'(°)'(2^2,i"-'')^ except when n = 7, when 

there are two more irreducibles, namely S'('')'(4,3) ^(o),(2^,i) jj^jg settles 
Proposition 4. Let's prove Proposition 3. Suppose there exists in V7 an irre- 
ducible invariant subspace W that is isomorphic to S'^'^-'^^'*'^'. Then, we have 

Wi«(c,)~2^(")^(3,2)^^(o),(4a) 

The proof of Lemma 3, point {i) shows that if there exists an invariant subspace 
of W iniD^) that is isomorphic to S'('') (3,2)^ then it is unique. Hence it is impos- 
sible to have (0)- 

If now W is isomorphic to S^-^^''^^' then 

W;^,(C,)~2 5("'^(2.2,1)^^(0).(2,1,1,1) (,) 

But, by the proof of Lemma 3, point (ii), the Specht module 5**^^'^'^^ cannot be 
a constituent of W Thus, (*) cannot happen and Proposition 3 holds. 

This closes the proof of Theorem 6. 

Let's now show that the -dimensional invariant subspace of Theo- 

rem 7, say T, is irreducible. Then it must be unique. Excluding n = 4, when 
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I = \, the restrictions on r prevent the existence of an irreducible d-dimensional 
invariant subspace of Vn with d e {1, r? - 1, n, } by Theorems 3, 4, 5, 6 re- 

spectively. So, if T has an irreducible proper invariant subspace, the dimension 
of this irreducible proper invariant subspace must be greater than or equal to 

(n-i)(n-2) ^ n{n--z) ^ ^ then it has a summand in T whose dimension is 
less than or equal to (n — 1), impossible. And so Theorem 7 holds when n > 5. 

We conclude this paper by proving point {ii) of Theorem 2. For the values 
of Theorem 2, point («), the representation j/'") of CQW{Dn) that we built is 
reducible. Moreover, if were completely reducible, then by Proposition 1, 
the action of each on the Cohen-Wales space Vn would be trivial. This is 
impossible. Thus, CQyV{Dn) is not semisimple for these values of I and r. As r 
and — i play identical role, CGW{Dn) is not semisimple either for the values of 
Theorem 2 point {i) where r has been replaced by — ^. 
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